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Appendix

Estimation of the correlation ratio for UWSSs
Consider a test made up of j=1,2… n items, each of them with an ordered response format with c categories scored as 1,2…c, that intends to measure m correlated factors, and let θ=[ θ1…… θm] be a point on the multidimensional continuum of the factors. The conditional mean and variance of the observed scores on the j item for fixed θ are:
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Where, if the FA parameterization is used, the conditional probabilities are given by (see Ferrando & Lorenzo-Seva, 2013)
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And where ((z) is the c.d.f. of the standard normal distribution, αj =[ αj1….. αm] is the vector of standardized loadings in equation (10), and σεj is the residual standard deviation of item j.
The conditional variance of the UWSS that is used as a proxy for the k factor, denoted by SXk , is the sum of the item conditional variances in (A1) across all the items that have a unit value in the k column of the W(n ×m)  operator weight matrix. Now, the expectation of the conditional variance of SXk , is given by
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Where ((z) is the density of the standard normal distribution. The multiple integral in (A3) can be numerically approximated by using rectangular quadrature in q equally-spaced points. Let K be the nodes and W(K) the corresponding weights (i.e. probabilities) that approximate the standard normal distribution of any of the θk’s. In our proposal, we used 40 quadrature points chosen between ±4, a choice that agrees with the 30-50 point recommendation made by Thissen and Orlando (2001) in the context of unidimensional scoring. The expectation in (A3) is then numerically approximated by
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The multiple correlation ratio expressing the curvilinear relation between the k UWSS and the best composite of the m factors is 
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And, in the unidimensional case, becomes the correlation ratio considered in the expression (7) in the article.

For the general multidimensional case, and so as to derive the correlation ratio between each of the k UWSS SXk and the corresponding θk factor, we first use the relation (Lord & Novick 1968, eq. 12.2.2)
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Where:
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The expectations of SXk for fixed θk values in (A7) are obtained by rectangular quadrature as in (A4). The variance of these expectations across θk (i.e. the numerator in A6) is next obtained by using unidimensional quadrature.  
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