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Figure 14. Unstable MLEs estimate of o using the Moore-Penrose inverse method (Chelosky’s method
fails) to compute the inverse of ill-condition C matrix. The pseudoinverse is computed using R package
MASS function ginv. The tree sizeis 5 and traits are simulated given the true parameters and tree. Then
MLEs are computed usingthe traitandtree. Foreach parameterset, 100 replicates are simulated and the
values of MLEs are reported using boxplots. Four true parameters for o =1,2,5,10 are assessed, the
boxplots in the four panels suggested that the MLEs for o produces large bias and the parameter

estimates are notreliable.

Lemmas and their proofs
Lemma 1. The shortest tip length of an ultrametric phylogenetictree is the smallest eigenvalue of C . i.e.
min{det(C — A1) =0}=b where b is the smallest tip lengthand | is an n by n identity matrix.

Proof: Given an ultrametric bifurcatedtree T of n tips, there exists a unique strictly ultrametric matrix
(NabbenandVarga, 1994) C forrepresentingthe relatedness amongthe group of species. Let b be the
smallest tip length, by the property of the structure of the ultrametric tree, C—bl has at two identical



columnsas well astwo identical rows. Thisimplies that det(C—bl) =0 . Therefore, b is an eigenvalue of
c.

The next step is to show that b is the smallest eigenvalue in the eigenvalue set of C . We claim
that forall 4, <b, then 4 is notan eigenvalue. Considerthe matrix C, =C - 4,1 ,then C, isstill astrictly

ultrametric matrix which is always invertible (see Nabben and Varga (1994), and Corollary 6.2.27 in Horn
and Johnson (1986)). Then we have det(C,) =0 which implies det(C—A4,1) = 0. This consequence

indicates that 4, is not an eigenvalue of C. Therefore, b is the smallest eigenvalue of C

+

Lemma 2. Let C bethe n by n strictly ultrametric matrix from the tree and x be the condition number
of C. Let C, be the matrix obtained by dropping the shortest tip from the tree and «, be the condition

numberof C,. Then x>x;.

Proof: Let 0< 4, <4, <---< A, bethe eigenvaluesof C .Since C, is still astrictly ultrametic matrix of size
(n-1) by (n-1), we can assume that C, has eigenvalues 0<7, <z, <---<7, , . By a special case of the

Cauchy’s  interlacing theorem (see ch. 10.1 in Parlett  (1987)), we have
0<A}<g<A<r,<---<A ,<r,<A . The condition number, defined as the ratio of the largest

eigenvalue to the smallest eigenvalue are computed as =4 /4 and x =7, ,/7 for C and C,

respectively. From direct algebraic calculation, we have
A A - - - .

k—x, = 2o Int - I Tosth > Dt Toih - T0a(B=4) >0. This concludes that x> x; . +
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Lemma 3. The set {r,}\., where t, is the length between the i" and the (i +1)" speciation event has d
elements if and only if the number of distinct elementsin C of an ultrametric treeis d +1.

Proof: Let 7,7,,--,z, be the lengths between the i" and the (i+1)" speciation events. Define
(o

i+1

C, =7, +C, =1, +7,+17,-,Cy,y =74 +C4 =7, +7,, + --+7, ), theneach ¢, representsthe node heightofthe

=7,+c,i=12,---,d (i.e. C,=7,+C =17, =7,+C, =7, +7,,
i" speciationeventsand ¢, is stacked up by concatenatingthe branch segment between two successive
speciation events.

On the other hand, without loss of generality, suppose {c,., >c, >--->c} are d+1 distinct

elements in C. Since each elementin C measures the affinity between a pair of species, each
c,i=12,---,d+1 isequal tothe node height of the tree from the root. Define 7, =¢,, —c,,i=1,---,d , then

each 7; represents avalue of taking the difference between two successive node heights, z, is equivalent
to the branch segment between the i" and the (i+1)" spedation so {r,}, has exactly d elements. +

Lemma 4. Undershrinkage methodwith 6 =1, S; = | anidentity matrix. Assume an ultrametrictree, the
RMSD for 6 under Brownian Motion model with rate parameter o has an upper bound

\/azzin:lz?:lcij/nz when trait Y =(Y,,Y,,-*,Y,)' is instead analyzed under identical independent



distributed model where n is taxasize and ¢;,i, j =1,2,---,n is an element in the phylogenetic covariance

matrix C.

proof: Let ¢ and o be the true parameter of the Brownian motion model so that E[y;]=6 and
E[viy; |=Cov|v,.y; |+E[y.]E[y; |=0’c; +6°. The RMSD of ¢ can be algebraically computed as
RMSD? = E[(0-6)’1= E[0-¥] = E[(H—z:zlyi /n)zJ = E[@Z —203" v, In+ (3, /n)zJ =
0 =20°+3 " > E[vy, [Int =-67+ 37 37 (0P, +67) P =30 3" ot n?

when the root to tips tree height of ultrametic tree is 1 (i.e. 0<c; <1 for all i,j=1,2,---,n, so

. In particular,

lezjlcu_n the RMSD -\/ Z Z,Pu/” has a natural upper bound o

+

Lemma 5. Under shrinkage methodwith 5 =1, S, = | anidentity matrix. Assume an ultrametric tree, the

RMSD? for o* under Brownian Motion model has a lower bound

i=1 j=1

E[(c® -6%)°1= (6%) [ZZZCUIn +(Zc"/n] -~ J+Var[(zn:(y‘—;y)j } (10)

when trait Y = (y,, yz,u-, yn)‘ is instead analyzed under identical independent distributed model where n

is taxa size and Cy,1, j= --,N is anelement in the phylogenetic covariance matrix C .

proof: The MLE for Brownian motion model given tree transformed under the shrinkage method with
s=1is 6° =) (¥,—y)’/n.TheRMSD? for o isexpressed asfollowing

El(o” - 6°)1= El(0* - XL~ 9 /01 = () -2 ZE[ T (0 -9)* |+ 0B | (X0 -9)* /) = () + @+ ®

2
For (@), direct computation yield to —20 E[Z,"_l(yi —7)2}:_Z_G(Z,”_lE[yf]—nE[Vz]). Since
i= n i=

E[yiyj]ZGZ(Cij+92 ), @:—ZTO'E[Z:‘Zl(yi_y)Z]:#ZI I +02)+2(O') zl 12, (@ +6%)

=AY s KO S S =26 + 20 LYy I

For (®), by E[X?]=var[X]+(E[X])?,



®=e[(ZL0- 970 v 5L O L e[ pnd
iz( [Z. (=YY J)Z :(or;#(z:lzlcii —%ZLZL&)Z
> (@) (3 G In-1)* = (c)* +(c*)* (3 i I Zl">( PG In) -

Combiningabove three terms (02)2 +@+@®,a lowerbound for RMSD22 is shownin Eq. (10). In

particular, when the root to tips tree height of ultrametic tree is 1 (i.e. 0<c; <1, z _Gi/n=1 and

n n 2 232 n (y|_y)
D> g <1),RMSD?, = (0%) +Va{(zi=1 - ” +

Scripts and relevant files

The followinglinks connect to the relevant files and the R scripts for reproducing the tablesand the figures
from simulations in this work. All files can be accessed through the online folder
https://tonyjhwueng.info/KappaPCM.

Figure 1 and Figure 4. https://tonyjhwueng.info/KappaPCM/Figl.r.
Figure 2. https://tonyjhwueng.info/KappaPCM/Fig2.r.
Figure 3. https://tonyjhwueng.info/KappaPCM/Fig3.r.
Figure 5. https://tonyjhwueng.info/KappaPCM/UpperBoundKappa.R.
Figure 6. https://tonyjhwueng.info/KappaPCM/compshrunktree.r.
Figure 7. https://tonyjhwueng.info/KappaPCM/droptipkappa.R.
Figure 8. https://tonyjhwueng.info/KappaPCM/3taxaXYZ.pptx.
Figure 9. https://tonyjhwueng.info/KappaPCM/GraphicalAbstractV2.R.
Figure 10. https://tonyjhwueng.info/KappaPCM/Fig10.R.
. Figure 11 and Figure 12. https://tonyjhwueng.info/KappaPCM/AssessmentMethodsSummary CombineReplicate.R.
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. Figure 13. https://tonyjhwueng.info/KappaPCM/AssemRepSummaryShrinkPlot.R.
. Figure 14. https://tonyjhwueng.info/KappaPCM/inaccest.R.

. Table 1. https://tonyjhwueng.info/KappaPCM/MuMinCoef.R.

. solvefail.pdf: https://tonyjhwueng.info/KappaPCM/solvefail.pdf.

. MPfail.pdf: https://tonyjhwueng.info/KappaPCM/MPfail.pdf.

. pmmfelprunzerobranch.pdf: nps//tonyihwueng.info/kappapcm/pmmfetprunzerobranch.pef.
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