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Appendix 1 

In this proof we show that the robust sandwich variance estimate, given by equation (2) in the 

main manuscript, can be calculated using only summary-level quantities shared by the 

participating data-contributing sites. 
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We expand ϕ𝑖(𝑘, 𝜃) and obtain 

𝑞 = ∑  

𝐾

𝑘=1

∑ ϕ𝑖
2(k, 𝜃)

𝑖⋴Ω𝑘

= ∑ 𝑞1(𝑘)

𝐾

𝑘=1

+ ∑ 𝑞2(𝑘)

𝐾

𝑘=1

+ ∑ 𝑞3(𝑘)

𝐾

𝑘=1

− 2 ∑ 𝑞4(𝑘)

𝐾

𝑘=1

+ 2 ∑ 𝑞5(𝑘)

𝐾

𝑘=1

− 2 ∑ 𝑞6(𝑘)

𝐾

𝑘=1

 

where 

𝑞1(𝑘) = ∑ 𝑤̂𝑖
2

𝑖:𝑖⋴Ω𝑘,𝛿𝑖=1 

{𝐴𝑖 −
𝑆1,𝑘(𝑐𝑖)

𝑆0,𝑘(𝑐𝑖)
}

2

= ∑ ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴𝐷𝑗(𝑘)

{𝐴𝑙 −
𝑆1,𝑘(𝑗)

𝑆0,𝑘(𝑗)
}

2𝑑(𝑘)

𝑗=1

= ∑ {1 −
𝑆1,𝑘(𝑗)

𝑆0,𝑘(𝑗)
}

2𝑑(𝑘)

𝑗=1

∑ 𝑤̂𝑙
2

𝑙:𝑙⋴𝐷𝑗(𝑘),𝐴𝑙=1

+ ∑ {
𝑆1,𝑘(𝑗)

𝑆0,𝑘(𝑗)
}

2𝑑(𝑘)

𝑗=1

∑ 𝑤̂𝑙
2

𝑙:𝑙⋴𝐷𝑗(𝑘),𝐴𝑙=0

 

 

𝑞2(𝑘) = ∑ 𝑤̂𝑖
2𝐴𝑖

𝑖:𝑖⋴Ω𝑘 

exp(2𝐴𝑖𝜃) { ∑
𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)

𝑆0,𝑘(𝑐𝑙)
𝑙: 𝛿𝑙=1 

 }

2

= exp(2𝜃) ∑ 𝑤̂𝑖
2

𝑖:𝑖⋴Ω𝑘,𝐴𝑖=1 

{ ∑
𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)

𝑆0,𝑘(𝑐𝑙)
𝑙: 𝛿𝑙=1 

 }

2

= exp(2𝜃) ∑ { ∑ 𝑤̂𝑙
2𝐼(𝑇𝑙 < 𝑇𝑘,j+1

𝐷 )

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1

}

𝑑(𝑘)

𝑗=1

{∑
∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑟(𝑘)

𝑆0,𝑘(𝑟)

𝑗

𝑟=1

 }

2
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𝑞3(𝑘) = ∑ 𝑤̂𝑖
2

𝑖:𝑖⋴Ω𝑘 

exp(2𝐴𝑖𝜃) { ∑
𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)𝑆1,𝑘(𝑐𝑙)

𝑆0,𝑘
2 (𝑐𝑙)

𝑙: 𝛿𝑙=1 

}

2

= exp(2𝜃) ∑ 𝑤̂𝑖
2

𝑖:𝑖⋴Ω𝑘,𝐴𝑖=1  

{ ∑
𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)𝑆1,𝑘(𝑐𝑙)

𝑆0,𝑘
2 (𝑐𝑙)

𝑙: 𝛿𝑙=1 

}

2

+ ∑ 𝑤̂𝑖
2

𝑖:𝑖⋴Ω𝑘,𝐴𝑖=0  

{ ∑
𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)𝑆1,𝑘(𝑐𝑙)

𝑆0,𝑘
2 (𝑐𝑙)

𝑙: 𝛿𝑙=1 

}

2

= exp(2𝜃) ∑ { ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1

𝐼(𝑇𝑙 < 𝑇𝑘,j+1
𝐷 )}

𝑑(𝑘)

𝑗=1

{∑
∑ 𝑤̂𝑙𝑆1,𝑘(𝑟)𝑙:𝑙⋴𝐷𝑟(𝑘)

𝑆0,𝑘
2 (𝑟)

𝑗

𝑟=1

 }

2

+ ∑ { ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=0

𝐼(𝑇𝑙 < 𝑇𝑘,j+1
𝐷 )}

𝑑(𝑘)

𝑗=1

{∑
∑ 𝑤̂𝑙𝑆1,𝑘(𝑟)𝑙:𝑙⋴𝐷𝑟(𝑘)

𝑆0,𝑘
2 (𝑟)

𝑗

𝑟=1

 }

2

 

 

𝑞4(𝑘) = ∑ 𝑤̂𝑖
2𝛿𝑖𝐴𝑖 exp(𝐴𝑖𝜃) {𝐴𝑖 −

𝑆1,𝑘(𝑐𝑖)

𝑆0,𝑘(𝑐𝑖)
} { ∑

𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)

𝑆0,𝑘(𝑐𝑙)
𝑙: 𝛿𝑙=1 

}

𝑖:𝑖⋴Ω𝑘 

= exp(𝜃) ∑ 𝑤̂𝑖
2𝛿𝑖 {1 −

𝑆1,𝑘(𝑐𝑖)

𝑆0,𝑘(𝑐𝑖)
} { ∑

𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)

𝑆0,𝑘(𝑐𝑙)
𝑙: 𝛿𝑙=1 

}

𝑖:𝑖⋴Ω𝑘,𝐴𝑖=1 

= exp(𝜃) ∑ ( ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴𝐷𝑗(𝑘),𝐴𝑙=1

)

𝑑(𝑘)

𝑗=1

{1 −
𝑆1,𝑘(𝑗)

𝑆0,𝑘(𝑗)
} {∑

∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑟(𝑘)

𝑆0,𝑘(𝑟)

𝑗

𝑟=1

} 
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𝑞5(𝑘) = ∑ 𝑤̂𝑖
2𝛿𝑖 exp(𝐴𝑖𝜃) {𝐴𝑖 −

𝑆1,𝑘(𝑐𝑖)

𝑆0,𝑘(𝑐𝑖)
} { ∑

𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)𝑆1,𝑘(𝑐𝑙)

𝑆0,𝑘
2 (𝑐𝑙)

𝑙: 𝛿𝑙=1 

}

𝑖:𝑖⋴Ω𝑘 

= exp(𝜃) ∑ 𝑤̂𝑖
2𝛿𝑖 {1 −

𝑆1,𝑘(𝑐𝑖)

𝑆0,𝑘(𝑐𝑖)
} { ∑

𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)𝑆1,𝑘(𝑐𝑙)

𝑆0,𝑘
2 (𝑐𝑙)

𝑙: 𝛿𝑙=1 

}

𝑖:𝑖⋴Ω𝑘,𝐴𝑖=1 

+ ∑ 𝑤̂𝑖
2𝛿𝑖 {0 −

𝑆1,𝑘(𝑐𝑖)

𝑆0,𝑘(𝑐𝑖)
} { ∑

𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)𝑆1,𝑘(𝑐𝑙)

𝑆0,𝑘
2 (𝑐𝑙)

𝑙: 𝛿𝑙=1 

}

𝑖:𝑖⋴Ω𝑘,𝐴𝑖=0 

= exp(𝜃) ∑ ( ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴𝐷𝑗(𝑘),𝐴𝑙=1

)

𝑑(𝑘)

𝑗=1

{1 −
𝑆1,𝑘(𝑗)

𝑆0,𝑘(𝑗)
} {∑

∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑟(𝑘) 𝑆1,𝑘(𝑟)

𝑆0,𝑘
2 (𝑟)

𝑗

𝑟=1

}

+ ∑ ( ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴𝐷𝑗(𝑘),𝐴𝑙=0

)

𝑑(𝑘)

𝑗=1

{0 −
𝑆1,𝑘(𝑗)

𝑆0,𝑘(𝑗)
} {∑

∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑟(𝑘) 𝑆1,𝑘(𝑟)

𝑆0,𝑘
2 (𝑟)

𝑗

𝑟=1

} 

 

𝑞6(𝑘)

= ∑ 𝑤̂𝑖
2𝐴𝑖 exp(2𝐴𝑖𝜃) { ∑

𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)

𝑆0,𝑘(𝑐𝑙)
𝑙: 𝛿𝑙=1 

} { ∑
𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)𝑆1,𝑘(𝑐𝑙)

𝑆0,𝑘
2 (𝑐𝑙)

𝑙: 𝛿𝑙=1 

}

𝑖:𝑖⋴Ω𝑘 

= exp(2𝜃) ∑ 𝑤̂𝑖
2 { ∑

𝑤̂𝑙𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)

𝑆0,𝑘(𝑐𝑙)
𝑙: 𝛿𝑙=1 

} { ∑
𝑤̂𝑗𝐼(𝑖, 𝑙 ⋴ Ω𝑘  )𝐼(𝑇𝑙 ≤ 𝑇𝑖)𝑆1,𝑘(𝑐𝑙)

𝑆0,𝑘
2 (𝑐𝑙)

𝑙: 𝛿𝑙=1 

}

𝑖:𝑖⋴Ω𝑘,𝐴𝑖=1  

= exp(2𝜃) ∑ { ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1

𝐼(𝑇𝑙 < 𝑇𝑘,j+1
𝐷 )}

𝑑(𝑘)

𝑗=1

{∑
∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑟(𝑘)

𝑆0,𝑘(𝑟)

𝑗

𝑟=1

} {∑
∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑟(𝑘) 𝑆1,𝑘(𝑟)

𝑆0,𝑘
2 (𝑟)

𝑗

𝑟=1

} 
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First, we observe that ℎ can be preserved if ∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑗(𝑘),𝐴𝑙=1 , ∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑗(𝑘) , ∑ 𝑤̂𝑙𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1  

and ∑ 𝑤̂𝑙𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=0  are preserved. Second, we observe that 𝑞 can be preserved if 

𝑆0,𝑘(𝑗), 𝑆1,𝑘(𝑗),∑ 𝑤̂𝑙
2

𝑙:𝑙⋴𝐷𝑗(𝑘),𝐴𝑙=1 , ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴𝐷𝑗(𝑘),𝐴𝑙=0 , ∑ 𝑤̂𝑙
2𝐼(𝑇𝑙 < 𝑇𝑘,j+1

𝐷 )𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1 , 

∑ 𝑤̂𝑙
2𝐼(𝑇𝑙 < 𝑇𝑘,j+1

𝐷 )𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=0 , ∑
∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑟(𝑘)

𝑆0,𝑘(𝑟)

𝑗
𝑟=1  and ∑

∑ 𝑤̂𝑙𝑆1,𝑘(𝑟)𝑙:𝑙⋴𝐷𝑟(𝑘)

𝑆0,𝑘
2 (𝑟)

𝑗
𝑟=1  are preserved. 

 

Notice that 𝑆0,𝑘(𝑗), 𝑆1,𝑘(𝑗), ∑
∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑟(𝑘)

𝑆0,𝑘(𝑟)

𝑗
𝑟=1  and  ∑

∑ 𝑤̂𝑙𝑆1,𝑘(𝑟)𝑙:𝑙⋴𝐷𝑟(𝑘)

𝑆0,𝑘
2 (𝑟)

𝑗
𝑟=1  can be preserved if 

∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑗(𝑘),𝐴𝑙=1 , ∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑗(𝑘) , ∑ 𝑤̂𝑙𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1  and ∑ 𝑤̂𝑙𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=0  are preserved. We 

further note that 

∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1

𝐼(𝑇𝑙 < 𝑇𝑘,j+1
𝐷 ) = ∑ 𝑤̂𝑙

2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1

− ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1

𝐼(𝑇𝑙 ≥ 𝑇𝑘,j+1
𝐷 )

= ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1

− ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗+1(𝑘),𝐴𝑙=1

 

 

∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=0

𝐼(𝑇𝑙 < 𝑇𝑘,j+1
𝐷 ) = ∑ 𝑤̂𝑙

2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=0

− ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=0

𝐼(𝑇𝑙 ≥ 𝑇𝑘,j+1
𝐷 )

= ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=0

− ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗+1(𝑘),𝐴𝑙=0

 

 

Therefore, ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1 𝐼(𝑇𝑙 < 𝑇𝑘,j+1
𝐷 ) and ∑ 𝑤̂𝑙

2
𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=0 𝐼(𝑇𝑙 < 𝑇𝑘,j+1

𝐷 ) are preserved if 

∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1  and ∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=0  are preserved for each 𝑗. 
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In summary, the robust sandwich variance estimate will be the same as that from the 

corresponding pooled individual-level data analysis, if we preserve summary-level quantities 

  

∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑗(𝑘),𝐴𝑙=1  (total weights of treated events) 

∑ 𝑤̂𝑙𝑙:𝑙⋴𝐷𝑗(𝑘)  (total weights of events) 

∑ 𝑤̂𝑙𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1  (total weights of treated patients) 

∑ 𝑤̂𝑙𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=0  (total weights of untreated patients) 

∑ 𝑤̂𝑙
2

𝑙:𝑙⋴𝐷𝑗(𝑘),𝐴𝑙=1  (total squared weights of treated events) 

∑ 𝑤̂𝑙
2

𝑙:𝑙⋴𝐷𝑗(𝑘),𝐴𝑙=0  (total squared weights of untreated events) 

∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=1  (total squared weights of treated patients) 

and 

∑ 𝑤̂𝑙
2

𝑙:𝑙⋴ℛ𝑗(𝑘),𝐴𝑙=0  (total squared weights of untreated patients) 

for the 𝑗th (𝑗 = 1, … , 𝑑(𝑘)) distinct observed event time in each site 𝑘. See Table 2 for an 

example of a risk-set dataset. 
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Appendix 2 

The following figures show the steps required to estimate the hazard ratios and variances using 

the three proposed methods. 

 

 

Figure A1. File transfers between the data-contributing sites and the analysis center for Method 

1: Privacy-Protecting Estimation of Hazard Ratio and Robust Sandwich Variance 
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Figure A2. File transfers between the data-contributing sites and the analysis center for Method 

2a: Privacy-Protecting Estimation of Hazard Ratio and Global Bootstrap Variance 
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Figure A3. File transfers between the data-contributing sites and the analysis center for Method 

2b: Privacy-Protecting Estimation of Hazard Ratio and Local Bootstrap Variance 
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Appendix 3 

Section 0: R code for data generation 

We supply the R code for data generation as described in Section 5.1. 

Data with no tied events can be generated by code in the submitted file “simulate_data.R”. 

 

Data with tied events can be generated by code in the submitted file “simulate_data_tied.R”. 

 

 

Section 1: R code for Method 1: Privacy-protecting estimation of hazard ratio 

and robust sandwich variance  

We supply the R code for two illustrative examples using Method 1 in the paper. The R analytic 

code for two illustrative examples is given in the submitted file “Method1_simulated_data.R”. 

 

Running the replication code in R will reproduce the log hazard ratio and standard error 

estimates reported in the paper. Comments are inserted in the R script for readability. In 

practice, users may have different number of sites or different number of covariates. The code 

here can be easily modified for specific questions. 
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Section 2: R code for Method 2a: Privacy-protecting estimation of hazard ratio 

and bootstrap variance with global bootstrap resampling  

We supply the R code for two illustrative examples using Method 2a in the paper. The R analytic 

code for two illustrative examples is given in the submitted file “Method2a_simulated_data.R”. 

 

Running the replication code in R will reproduce the log hazard ratio and standard error 

estimates reported in the paper. Comments are inserted in the R script for readability. In 

practice, users may have different number of sites or different number of covariates. The code 

here can be easily modified for specific questions. 

 

 

Section 3: R code for Method 2b: Privacy-protecting estimation of hazard ratio 

and bootstrap variance with local bootstrap resampling 

We supply the R code for two illustrative examples using Method 2b in the paper. The R 

analytic code for two illustrative examples is given in the submitted file 

“Method2b_simulated_data.R”. 

 

Running the replication code in R will reproduce the log hazard ratio and standard error 

estimates reported in the paper. Comments are inserted in the R script for readability. In 

practice, users may have different number of sites or different number of covariates. The code 

here can be easily modified for specific questions. 


