Appendix A: The classical AK-MCS method

The Kriging method regards the g-function as an n-dimensional Gaussian random field, which reads:
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where f x T refers to an linear regression model with a set of functional basis f 00 fi,..., f 0,

z O Ox indicates a n-dimensional Gaussian random field with zero mean and variance Og. The

covariance function of the random field for any two point x™® and x”i¥ is given as:
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where RDX” oi X0 o D is the autocorrelation function, and the most commonly used one is the

exponential one given by:
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and Ok is a parameter measuring the strength of the autocorrelation. Then given a set of Ny training

T samples

Dx“ o, x“NOUD and the corresponding values z DDgDXD 01 D,...,ng“NOU DD of the

gfunction, the mean value Oy 0 Ox and the variance Og2 OxO for a new point x conditional on

these training samples are given as [24]:

0oody 0 Ox 0 fxO OTopar xO [lTRszI]FDﬂD
O 2 T oo T Tm o (A4)

0%, O Dxl:l[]gulljrxl:l Orrx0OouxO O Orred uxD DD

O

where R is the correlation matrix of these No training samples, r x[I O refers to the vector of
correlation functions between x and the Ng training samples, F indicates the regression matrix

computed by F; O f; Oxeoi[d withiO1'...NandjO1,...d,uxd O oprT@rxO Oofx0O O
and

the least square estimates of the regression coefficients are computed by g odrFRFFRre: 0o
1

T I:Ilz



Then Og Ox0O refers to the Kriging surrogate model, and Oy2 Ox[ indicates the mean square error

(MSE) of the estimator Oy Ox0O . It holds that Oy Oxeo 0 o90xes O and Og2 Oxeasl oo

forj01,2,...,No

The AK-MCS procedure for estimating the failure probability is summarized as follows [24]:

Step 1: Generate a MC population W of N (N is large, i.e., 1e5) samples of the input vector. Randomly
chose No (No is small, i.e., 12) samples from the population W. Estimate the corresponding
gfunction values for these No training samples, and attribute these No samples to the training
population W..

Step 2: Train the Kriging model based on the training population W, using the DACE toolbox [24].

Step 3: Generate the Kriging prediction Og- %o [ and Og2 %o for each of the remaining N-

No MC samples based on the well-trained Kriging model, and then estimate the value of the U

0, 0o 0/0,: 0o

function for each of these N-Ng MC samples by U j IZIUDXD o o

D. If minVjp: U 30 2, then add the sample with the minimum U value to the training population

W, let No= No+1, go to step 2; otherwise, estimate the failure probability as well as the C.0.V. of
the estimate based on the Kriging predictions of the N MC samples contained in W.

Step 4: If the C.O.V. of the estimate of failure probability is greater than 0.05, then update W with a new

MC population, and go to step 3; otherwise, end the procedure.
Appendix B: IS Estimators of the GRS indices
cation of (1 0172 ), x5 000x¢ ., Xiew, %, in . 3 O
Let xj indicate the random replication of x; (j 01'"...,n ), Xgi OUX4,..., Xig1, X Xi, inL,..., Xn :
T T

xi00xu,. ., Xiow X %6, o1,. ., e d and xO0xc, %2, xe d . AsE Ol O Ox | xi0p0 E gOle Ox,

iD | xiOg and

E o og ol-0 Ox =E ogl- Ox Oog , the main partial variance Vi can be derived as:
vioOrE oo1-0 Ox | xoo E ooleOxe:i O |xpx00 0 Oidxio E ooi-0 Ox oo £ oo Ox

Ooo [



00w 1e 0 Ox texeid pxeO «Odxe O px O « Ooxe

kO1 kO OLki

noo0e1-0 Ox O.p O «Odxx0ooo0s 1 Ox O0.p x O « Odxe oo
O ko1 aa ko1 O

o0o o0r.0o<0 Ox

O h xp x« O «Ooooooie Ox 00wk xp x 00 « O0ooo woh x

hx O «O kl:l k‘DdXXkd 00

00 00%01- 0 Ox Oweth xp %« 00 « D0oooooooote Oxe: O oo0wihxp x 00 « 00000 w0

Ohxhx 0O «O kD k'DdXXkd v 00

O
oo w «d «dooo ke k «kOwo0O

n —— pxd«Oo pxd «dopxO «Oo.ohxh
F N ox 0O
00r.1:0 Ox Ownh x O «0O oooi DXD'iD kooikih XkD k'DFD 'Dkah XkD k'DEIEIEI w00 O kDXk‘

Ddx xkd « 00

O anpxe O « — — 0o - n pXka-D

px « Dooo
O

DEO0 Ox O al

O0w h x O «0 OO FDXDiD kDDDl,kithD k'D OlF DX E”:lkmh XkD k'DDDDDDD

(A5)

Then the sample matrices B, A and C introduced in subsection 3.4 can be regarded as the IS samples of

the random vectors x , X and xa'i, and the IS estimator of Vi is given as:

Vi
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Similarly, as E O Op gl 0 Ox =E ogle Ox Jog and E ol 0 Ox x| 000 E Ople Oxx 0

| oi 0O , the total partial variance Vi can be derived as:
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Then the sample matrices A and C can be regarded as the IS sample of the vectors x and
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IS estimator of Vi is derived as:

Xi , and the
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Appendix C: FORM estimators of the GRS indices

Assume that the random input vector follows independent Gaussian distribution with mean vector u

oo o, »,...,0.07 and SD vector ¢ 00O, 2,...,0, 07. The first order Taylors series of the limit state

T

function expanded at the MPP x* |:||:|xl*, X2" ., Xn N is given as follows:
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where a,- indicates the partial derivatives of the g-function w.r.t. x; at the MPP, and

n
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Then, based on the first line of Eq. (A5), the main partial variance Vi can be derived as:
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where z0x0O and “Ox. O are two linear function of the vector x and Xg'i , respectively, thus can be

. . . . a
regarded as two correlated Gaussian random variables with covariance 0,2 0%20:2. zOxO and

—

?Oxo: O have the same mean value 0,0 Oao [d"o2 a0; and the same SD IZIZEI [(nc:a220;. Then
Vi can be estimated by:
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where O, [1[0,0];0n,0- O indicates the bivariate joint CDF of Gaussian distribution with mean vector
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0.0000,,. 0 and covariance matrix 0 O O » 2 calculated at the point [0,0].
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Similarly, based on the first line of Eq.(A7), the total partial variance V+i can be approximated by:
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where z[Ox[ and Dxi [ are linear functions of x and i , thus are also two correlated Gaussian

random variables with covariance 02 o "o o jia30% . Then, based on Eq. (A12), the total partial

variance Vi can be further derived as:

V 0 P :00. 0[0,0];0,,0.0 (A13)
O
where O:00w and O Oc 00 22 0z 00 .
00:0.0
L 4



