
Appendix 

Transformed shell principle coordinate can be expressed by: 

Where 𝑄
𝑖𝑗
 (𝑖, 𝑗 = 1,2,3,4,5,6) presented the transformed reduce stiffness modulus. 

{
𝑁𝑥
𝑁𝑦
𝑁𝑥𝑦

} = (
𝐴11 𝐴12 0
𝐴21 𝐴22 0
0 0 𝐴66

){
𝑁𝑥
𝑁𝑦
𝑁𝑥𝑦

}

{
  
 

  
 

𝜕𝑢0
𝜕𝑥
𝜕𝑣0
𝜕𝑦

 

𝜕𝑣0
𝜕𝑥

+
𝜕𝑢0
𝜕𝑦 }

  
 

  
 

+(
𝐵11 𝐵12 0
𝐵21 𝐵22 0
0 0 𝐵66

)

{
  
 

  
 
𝑤0
𝑅1
+
1

2
(
𝜕𝑤0
𝜕𝑥

)2

+
1

2
(
𝜕𝑤0
𝜕𝑦

)2+
𝑤0
𝑅2

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦 }
  
 

  
 

+ {
𝐴31
𝐴32
0
}𝜙+ {

𝐹31
𝐹32
0
} 𝜓 − {

𝑁𝑥
0

0
0
} 

(58a) 

{
𝑀𝑥
𝑀𝑦
𝑀𝑥𝑦

} = (
𝐵11 𝐵12 0
𝐵21 𝐵22 0
0 0 𝐵66

){
𝑁𝑥
𝑁𝑦
𝑁𝑥𝑦

}

{
  
 

  
 

𝜕𝑢0
𝜕𝑥
𝜕𝑣0
𝜕𝑦

 

𝜕𝑣0
𝜕𝑥

+
𝜕𝑢0
𝜕𝑦 }

  
 

  
 

+ (
𝐷11 𝐷12 0
𝐷21 𝐷22 0
0 0 𝐷66

)

{
  
 

  
 
𝑤0
𝑅1
+
1

2
(
𝜕𝑤0
𝜕𝑥

)2

+
1

2
(
𝜕𝑤0
𝜕𝑦

)2+
𝑤0
𝑅2

𝜕𝑤

𝜕𝑥

𝜕𝑤

𝜕𝑦 }
  
 

  
 

+ {
𝐸31
𝐸32
0
}𝜙+ {

𝑄31
𝑄32
0
0

}𝜓− {
𝑀𝑥

𝑀𝑦

0

} 

(58b) 

Here, 𝑁𝑥 ,𝑁𝑦 , 𝑁𝑥𝑦  𝑎𝑛𝑑 𝑀𝑥 ,𝑀𝑦 , 𝑀𝑥𝑦 expressed the total in-plane forced and moment resultants and 

𝑃𝑥 ,𝑃𝑦 , 𝑃𝑥𝑦 and 𝑅𝑥 , 𝑅𝑦 are the third order stresses resultants can be written as:  

𝑄11
𝑛
= 𝑄11

𝑛 𝑐𝑜𝑠4𝜃+ 2(𝑄12
𝑛 + 2𝑄66

𝑛 )𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃+𝑄22
𝑛 𝑠𝑖𝑛4𝜃   

𝑄12
𝑛
= (𝑄11

𝑛 +𝑄22
𝑛 −4𝑄66

𝑛 )𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃+𝑄12
𝑛 (𝑠𝑖𝑛4𝜃+ 𝑐𝑜𝑠4𝜃)   

𝑄22
𝑛
= 𝑄11

𝑛 𝑠𝑖𝑛4𝜃+ 2(𝑄12
𝑛 +2𝑄66

𝑛 )𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃+𝑄22
𝑛 𝑐𝑜𝑠4𝜃   

𝑄66
𝑛
= (𝑄11

𝑛 + 𝑄22
𝑛 −2𝑄12

𝑛 −2𝑄66
𝑛 )𝑠𝑖𝑛2𝜃 𝑐𝑜𝑠2𝜃+ 𝑄66

𝑛 (𝑠𝑖𝑛4𝜃+ 𝑐𝑜𝑠4𝜃) 

𝑄44
𝑛
= 𝑄44

𝑛 𝑐𝑜𝑠2𝜃+𝑄55
𝑛 𝑠𝑖𝑛2𝜃 

𝑄55
𝑛
= 𝑄55

𝑛  𝑐𝑜𝑠2𝜃+ 𝑄44
𝑛 𝑠𝑖𝑛2𝜃 

 

(57) 

P𝑥 = ∫ (𝜎𝑥 , 𝜎𝑦)𝑧
3𝑑𝑧       

ℎ/2

−ℎ/2
  (59a) 



Also, normal forces and moments due to electrical field can be defined by: 

𝑀𝑥 = ∫ (𝑒31
2𝑉

ℎ
+𝑞31

2𝜓

ℎ
)𝑧𝑑𝑧

ℎ/2

−ℎ/2 , 𝑀𝑦 = ∫ (𝑒32
2𝑉

ℎ
+𝑞32

2𝜓

ℎ
)𝑧𝑑𝑧

ℎ/2

−ℎ/2  (60) 

∫ {
𝐷𝑥
𝐷𝑦
}cos(𝜉𝑧) 𝑑𝑧

ℎ𝑛

−ℎ𝑛−1

= 𝐹11
𝑒

{
 

 
𝜕𝜙

𝜕𝑥
𝜕𝜙

𝜕𝑦}
 

 
 

(61) 

∫ {
𝐵𝑥
𝐵𝑦
}

ℎ𝑛

−ℎ𝑛−1

cos(𝜉𝑧) 𝑑𝑧 = 𝑅11
𝑒

{
 

 
𝜕𝜓

𝜕𝑥
𝜕𝜓

𝜕𝑦}
 

 
 

(62) 

∫ 𝜉 sin(𝜉𝑧) 𝐷𝑧𝑑𝑧=
ℎ𝑛

−ℎ𝑛−1

[𝐴31 (
𝜕𝑢0
𝜕𝑥

+
𝜕𝑣0
𝜕𝑦

)−𝐸31∇
2𝑤] 

(63) 

∫ 𝜉 𝑠𝑖𝑛(𝜉𝑧) 𝐵𝑧𝑑𝑧=
ℎ𝑛

−ℎ𝑛−1

[𝐺31 (
𝜕𝑢0
𝜕𝑥

+
𝜕𝑣0
𝜕𝑦

)−𝑄31∇
2𝑤] 

(64) 

                                                           

   in which:  

(𝐴31 , 𝐸31) = ∫ 𝑒31𝜉 sin(𝜉𝑧) {1, 𝑧}𝑧𝑑𝑧
ℎ/2

−ℎ/2

  , (𝐴32, 𝐸32) = ∫ 𝑒32𝜉 sin(𝜉𝑧) {1, 𝑧}𝑧𝑑𝑧
ℎ/2

−ℎ/2

 
(65) 

(𝐹31 , 𝐹33) = ∫ {𝑠11 𝑐𝑜𝑠
2(𝜉𝑧) , 𝑠33𝜉

2 𝑠𝑖𝑛2(𝜉𝑧)}𝑑𝑧
ℎ/2

−ℎ/2

 
(66) 

(𝐺31 , 𝑄31) = ∫ 𝑞31𝜉 sin(𝜉𝑧) {1, 𝑧}𝑧𝑑𝑧
ℎ/2

−ℎ/2
,(𝐺32 , 𝑄32 ) = ∫ 𝑞32𝜉 sin(𝜉𝑧) {1, 𝑧}𝑧𝑑𝑧

ℎ/2

−ℎ/2
 (67) 

(𝑅31, 𝑅33) = ∫ {𝑑11 𝑐𝑜𝑠
2(𝜉𝑧) , 𝑑33𝜉

2 𝑠𝑖𝑛2(𝜉𝑧)}𝑑𝑧
ℎ/2

−ℎ/2

 
(68) 

Motions equations of multiscale composite shell can be expressed in terms of u, v, w, 𝜑𝑥 , 𝜑𝑦 

displacements are obtained by Substituting Eq.(19) into (34) yields: 

R𝑥 ,R𝑦 = ∫ (𝜏𝑥𝑧 , 𝜏𝑦𝑧)𝑧
3𝑑𝑧       

ℎ/2

−ℎ/2

 (59b) 



𝐴11 (
𝜕2𝑢0
𝜕𝑥2

+
1

𝑅1

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑦2

)
 
+𝐴12 (

𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
1

𝑅2

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)

+ 𝐴16 (
𝜕2𝑣0
𝜕𝑦2

+
𝜕2𝑢0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)+𝐵11 (
𝜕2𝜑𝑥
𝜕𝑥2

)+𝐵12 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

)

+ 𝐵16(
𝜕2𝜑𝑥
𝜕𝑦2

+
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

) − 𝑠1𝐸11 (
𝜕2𝜑𝑥
𝜕𝑦2

+
𝜕3𝑤0
𝜕𝑥3

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥2

)

− 𝑠1𝐸12 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕3𝑤0
𝜕𝑥𝜕𝑦2

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥𝜕𝑦

)

− 𝑠1𝐸16 (
𝜕2𝜑𝑦
𝜕𝑥2

+
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

+ 2
𝜕3𝑤0
𝜕𝑥2𝜕𝑦

−
1

𝑅2

𝜕2𝑣0
𝜕𝑦2

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)

+ 𝐴16 (
𝜕2𝑢0
𝜕𝑥𝜕𝑦

+
1

𝑅1

𝜕𝑤0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)

+ 𝐴26 (
𝜕2𝑣0
𝜕𝑦2

+
1

𝑅2

𝜕𝑤0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑦2

) 

(69a) 

+𝐴66 (
𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
𝜕2𝑢0
𝜕𝑦2

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

)+ 𝐵16 (
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

)+ 𝐵26 (
𝜕2𝜑𝑦
𝜕𝑦2

)

+ 𝐵66 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕2𝜑𝑥
𝜕𝑦2

)− 𝑠1𝐸16 (
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

+
𝜕3𝑤0
𝜕𝑦𝜕𝑥2

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)

− 𝑠1𝐸26 (
𝜕2𝜑𝑦
𝜕𝑦2

+
𝜕3𝑤0
𝜕𝑥3

−
1

𝑅2

𝜕2𝑣0
𝜕𝑦2

)

− 𝑠1𝐸66 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕2𝜑𝑥
𝜕𝑥2

+ 2
𝜕3𝑤0
𝜕𝑦2𝜕𝑥

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥𝜕𝑦

−
1

𝑅1

𝜕2𝑢0
𝜕𝑦2

)

+
1

𝑅1
[�̂�45 (𝜑𝑦 +

𝜕𝑤0
𝜕𝑦

−
𝑣0
𝑅2
) + �̂�55 (𝜑𝑥 +

𝜕𝑤0
𝜕𝑥

−
𝑢0
𝑅1
)]]+

𝑠1
𝑅1
[𝐸11(

𝜕2𝑢0
𝜕𝑥2

+
1

𝑅1

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

) + 𝐸12 (
𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
1

𝑅1

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)

+ 𝐸11(
𝜕2𝑢0
𝜕𝑥2

+
1

𝑅1

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

) + 𝐸16 (
𝜕2𝑣0
𝜕𝑦2

+
𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥2

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)

+ 𝐹11 (
𝜕2𝜑𝑥
𝜕𝑥2

)+ 𝐹12 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

) + 𝐹16 (
𝜕2𝜑𝑥
𝜕𝑥2

+
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

) 

 



−𝑠1𝐻11 (
𝜕2𝜑𝑦
𝜕𝑥2

+
𝜕3𝑤0
𝜕𝑥3

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥2

)− 𝑠1𝐻12 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕3𝑤0
𝜕𝑥𝜕𝑦2

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥𝜕𝑦

)

− 𝑠1𝐻16(
𝜕2𝜑𝑦
𝜕𝑦2

+
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

+ 2
𝜕3𝑤0
𝜕𝑦𝜕𝑥2

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥2

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)

+ 𝐸16 (
𝜕2𝑢0
𝜕𝑥𝜕𝑦

+
1

𝑅1

𝜕𝑤0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)

+ 𝐸26 (
𝜕2𝑣0
𝜕𝑦2

+
1

𝑅2

𝜕𝑤0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑦2

)

+ 𝐸66 (
𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
𝜕2𝑢0
𝜕𝑦2

+
1

𝑅2

𝜕𝑤0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑦2

)

+ 𝐹16 (
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

)+ 𝐹26 (
𝜕2𝜑𝑦
𝜕𝑦2

) + 𝐹66 (
𝜕2𝜑𝑥
𝜕𝑦2

+
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

)

− 𝑠1𝐻16(
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

+
𝜕3𝑤0
𝜕𝑥𝜕𝑦2

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)

− 𝑠1𝐻26 (
𝜕2𝜑𝑦
𝜕𝑦2

+
𝜕3𝑤0
𝜕𝑥3

−
1

𝑅2

𝜕2𝑣0
𝜕𝑦2

)

− 𝑠1𝐻66 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕2𝜑𝑥
𝜕𝑦2

+2
𝜕3𝑤0
𝜕𝑥𝜕𝑦2

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥𝜕𝑦

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

−
1

𝑅1

𝜕2𝑢0
𝜕𝑦2

)]

+ 𝐴31
𝜕𝜙

𝜕𝑥
+𝐺31

𝜕𝜓

𝜕𝑥
= 𝐼0 (

𝜕2𝑢0
𝜕𝑡2

)− 𝐽
1
(
𝜕2𝜑𝑥
𝜕𝑡2

)+ 𝑠1𝐼3
𝜕2

𝜕𝑡2
(
𝜕𝑤0
𝜕𝑥

) 

 

𝐴11 (
𝜕2𝑢0
𝜕𝑥2

+
1

𝑅1

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

)
 
+𝐴26

(
𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
1

𝑅2

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)

+ 𝐴66 (
𝜕2𝑣0
𝜕𝑥2

+
𝜕2𝑢0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

) + 𝐵16 (
𝜕2𝜑𝑥
𝜕𝑥2

)

+ 𝐵26 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

)+ 𝐵66 (
𝜕2𝜑𝑥
𝜕𝑥2

+
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

)

− 𝑠1𝐸16 (
𝜕2𝜑𝑥
𝜕𝑥2

+
𝜕3𝑤0
𝜕𝑥3

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥2

)

− 𝑠1𝐸26 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕3𝑤0
𝜕𝑥𝜕𝑦2

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥𝜕𝑦

)

− 𝑠1𝐸66 (
𝜕2𝜑𝑦
𝜕𝑥2

+
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

+ 2
𝜕3𝑤0
𝜕𝑥2𝜕𝑦

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥2

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)

+ 𝐴12 (
𝜕2𝑢0
𝜕𝑥𝜕𝑦

+
1

𝑅1

𝜕𝑤0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)

+ 𝐴22 (
𝜕2𝑣0
𝜕𝑥2

+
1

𝑅2

𝜕𝑤0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑦2

) 

(69b) 



+𝐴26 (
𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
𝜕2𝑢0
𝜕𝑦2

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

) +𝐵12 (
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

) +𝐵22 (
𝜕2𝜑𝑦
𝜕𝑦2

)

+𝐵26 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕2𝜑𝑥
𝜕𝑦2

) − 𝑠1𝐸12 (
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

+
𝜕3𝑤0
𝜕𝑦𝜕𝑥2

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)

− 𝑠1𝐸22 (
𝜕2𝜑𝑦
𝜕𝑦2

+
𝜕3𝑤0
𝜕𝑥3

−
1

𝑅2

𝜕2𝑣0
𝜕𝑦2

)

− 𝑠1𝐸26 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕2𝜑𝑥
𝜕𝑥2

+2
𝜕3𝑤0
𝜕𝑦2𝜕𝑥

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥𝜕𝑦

−
1

𝑅1

𝜕2𝑢0
𝜕𝑦2

)

+
1

𝑅2
[�̂�45 (𝜑𝑦 +

𝜕𝑤0
𝜕𝑦

−
𝑣0
𝑅2
) + �̂�55 (𝜑𝑥 +

𝜕𝑤0
𝜕𝑥

−
𝑢0
𝑅1
)] +

𝑠1
𝑅1
[𝐸12(

𝜕2𝑢0
𝜕𝑥𝜕𝑦

+
1

𝑅1

𝜕𝑤0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

) + 𝐸12 (
𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
1

𝑅1

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)

+ 𝐸22(
𝜕2𝑢0
𝜕𝑥2

+
1

𝑅1

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥𝜕𝑦

) + 𝐸26 (
𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
𝜕2𝑢0
𝜕𝑦2

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

)

+ 𝐹12 (
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

) + 𝐹22 (
𝜕2𝜑𝑦
𝜕𝑦2

) +𝐹26 (
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

+
𝜕2𝜑𝑦
𝜕𝜕𝑦2

) 

 



−𝑠1𝐻12 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕3𝑤0
𝜕𝑥2𝜕𝑦

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)− 𝑠1𝐻22 (
𝜕2𝜑𝑦
𝜕𝑥2

+
𝜕3𝑤0
𝜕𝑥3

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥2

)

− 𝑠1𝐻26 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕2𝜑𝑥
𝜕𝑦2

+2
𝜕3𝑤0
𝜕𝑥𝜕𝑦2

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥𝜕𝑦

−
1

𝑅1

𝜕2𝑢0
𝜕𝑦2

)

+𝐸16 (
𝜕2𝑢0
𝜕𝑦2

+
1

𝑅1

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

)

+𝐸26 (
𝜕2𝑣0
𝜕𝑦2

+
1

𝑅2

𝜕𝑤0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑦2

)

+𝐸66 (
𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
𝜕2𝑢0
𝜕𝑦2

+
1

𝑅2

𝜕𝑤0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)

+ 𝐹16 (
𝜕2𝜑𝑥
𝜕𝑥2

)+ 𝐹26 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

) + 𝐹66 (
𝜕2𝜑𝑥
𝜕𝑥2

+
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

)

− 𝑠1𝐻16 (
𝜕2𝜑𝑥
𝜕𝑥2

+
𝜕3𝑤0
𝜕𝑥𝜕𝑦2

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)

− 𝑠1𝐻16 (
𝜕2𝜑𝑥
𝜕𝑥2

+
𝜕3𝑤0
𝜕𝑥3

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥2

)

− 𝑠1𝐻66 (
𝜕2𝜑𝑦
𝜕𝑥2

+
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

+ 2
𝜕3𝑤0
𝜕𝑦𝜕𝑥2

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥𝜕𝑦

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)] + 𝐴32
𝜕𝜙

𝜕𝑥

+𝐺32
𝜕𝜓

𝜕𝑥
= 𝐼0 (

𝜕2𝑣0
𝜕𝑡2

)− 𝐽
1
(
𝜕2𝜑𝑦
𝜕𝑡2

)+ 𝑠1𝐼3
𝜕2

𝜕𝑡2
(
𝜕𝑤0
𝜕𝑦

) 

 

�̂�45 (
𝜕2𝜑𝑦
𝜕𝑥2

+
𝜕2𝑤0
𝜕𝑥𝜕𝑦

−
1

𝑅2

𝜕𝑣0
𝜕𝑥

)
 
+�̂�55

(
𝜕𝜑𝑥
𝜕𝑥

+
𝜕2𝑤0
𝜕𝑥2

−
1

𝑅1

𝜕𝑢0
𝜕𝑥

)

+ �̂�44 (
𝜕2𝜑𝑦
𝜕𝑦2

+
𝜕2𝑤0
𝜕𝑦2

−
1

𝑅2

𝜕𝑣0
𝜕𝑦

) + �̂�45 (
𝜕𝜑𝑥
𝜕𝑦

+
𝜕2𝑤0
𝜕𝑥𝜕𝑦

−
1

𝑅1

𝜕𝑢0
𝜕𝑦

)

+ 𝑠1[𝐸11 (
𝜕3𝑢0
𝜕𝑥3

+
1

𝑅1

𝜕2𝑤0
𝜕𝑥2

+
𝜕2𝑤0
𝜕𝑥2

𝜕2𝑤0
𝜕𝑥2

+
𝜕𝑤0
𝜕𝑥

𝜕3𝑤0
𝜕𝑥3

)

+ 𝐸12 (
𝜕3𝑣0
𝜕𝑦𝜕𝑥2

+
1

𝑅2

𝜕2𝑤0
𝜕𝑥2

+
𝜕2𝑤0
𝜕𝑥𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑦

𝜕3𝑤0
𝜕𝑥2𝜕𝑦

)

+ 𝐸16 (
𝜕3𝑣0
𝜕𝑥3

+
𝜕3𝑢0
𝜕𝑥2𝜕𝑦

+
𝜕𝑤0
𝜕𝑦

𝜕3𝑤0
𝜕𝑥3

+
𝜕2𝑤0
𝜕𝑥2

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕3𝑤0
𝜕𝑥2𝜕𝑦

)

+ 𝐹11
𝜕3𝜑𝑥
𝜕𝑥3

 

(69c) 



+𝐹12
𝜕3𝜑𝑦
𝜕𝑥2𝜕𝑦

+ 𝐹16 (
𝜕3𝜑𝑦
𝜕𝑥3

+
𝜕3𝜑𝑥
𝜕𝑥2𝜕𝑦

)− 𝑠1𝐻11 (
𝜕3𝜑𝑥
𝜕𝑥3

+
𝜕4𝑤0
𝜕𝑥4

−
1

𝑅1

𝜕3𝑢0
𝜕𝑥3

)

− 𝑠1𝐻12(
𝜕3𝜑𝑦
𝜕𝑥2𝜕𝑦

+
𝜕4𝑤0
𝜕𝑥2𝜕𝑦2

−
1

𝑅2

𝜕3𝑣0
𝜕𝑦𝜕𝑥2

)

− 𝑠1𝐻16(
𝜕3𝜑𝑦
𝜕𝑥3

+
𝜕3𝜑𝑥
𝜕𝑥𝜕𝑦2

+2
𝜕4𝑤0
𝜕𝑥3𝜕𝑦

−
1

𝑅2

𝜕3𝑣0
𝜕𝑥3

−
1

𝑅1

𝜕3𝑢0
𝜕𝑥2𝜕𝑦

)

+ 𝐸12 (
𝜕3𝑢0
𝜕𝑥𝜕𝑦2

+
1

𝑅1

𝜕2𝑤0
𝜕𝑦2

+
𝜕2𝑤0
𝜕𝑥𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕3𝑤0
𝜕𝑦2𝜕𝑥

)

+ 𝐸22 (
𝜕3𝑣0
𝜕𝑦3

+
1

𝑅2

𝜕2𝑤0
𝜕𝑦2

+
𝜕2𝑤0
𝜕𝑦2

𝜕2𝑤0
𝜕𝑦2

+
𝜕𝑤0
𝜕𝑦

𝜕3𝑤0
𝜕𝑦3

)

+ 𝐸26 (
𝜕3𝑣0
𝜕𝑥𝜕𝑦2

+
𝜕3𝑢0
𝜕𝑦3

+
𝜕2𝑤0
𝜕𝑥𝜕𝑦

𝜕2𝑤0
𝜕𝑦2

+
𝜕𝑤0
𝜕𝑦

𝜕3𝑤0
𝜕𝑦3

)+ 𝐹12
𝜕3𝜑𝑥
𝜕𝑦2𝜕𝑥

+ 𝐹22
𝜕3𝜑𝑦
𝜕𝑦3

 

 

+𝐹26 (
𝜕3𝜑𝑦
𝜕𝑦2𝜕𝑥

+
𝜕3𝜑𝑥
𝜕𝑦3

)− 𝑠1𝐻12(
𝜕3𝜑𝑥
𝜕𝑦2𝜕𝑥

+
𝜕4𝑤0
𝜕𝑥2𝜕𝑦2

−
1

𝑅1

𝜕3𝑣0
𝜕𝑥𝜕𝑦2

)

− 𝑠1𝐻26 (
𝜕3𝜑𝑦
𝜕𝑥𝜕𝑦2

+
𝜕3𝜑𝑥
𝜕𝑦3

+2
𝜕4𝑤0
𝜕𝑦3𝜕𝑥

−
1

𝑅2

𝜕3𝑣0
𝜕𝑥𝜕𝑦2

−
1

𝑅1

𝜕3𝑢0
𝜕𝑦3

)

+ 2𝐸16 (
𝜕3𝑢0
𝜕𝑦𝜕𝑥2

+
1

𝑅1

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕2𝑤0
𝜕𝑥𝜕𝑦

𝜕2𝑤0
𝜕𝑦2

+
𝜕𝑤0
𝜕𝑦

𝜕3𝑤0
𝜕𝑦2𝜕𝑥

)

+ 2𝐸66 (
𝜕3𝑣0
𝜕𝑦𝜕𝑥2

+
𝜕3𝑢0
𝜕𝑦2𝜕𝑥

+
𝜕𝑤0
𝜕𝑦

𝜕3𝑤0
𝜕𝑦2𝜕𝑥

+
𝜕2𝑤0
𝜕𝑦2

𝜕2𝑤0
𝜕𝑥2

+
𝜕2𝑤0
𝜕𝑥𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕3𝑤0
𝜕𝑦2𝜕𝑥

) + 2𝐹16 (
𝜕3𝜑𝑥
𝜕𝑥2𝜕𝑦

)+ 2𝐹66 (
𝜕3𝜑𝑦
𝜕𝑥2𝜕𝑦

+
𝜕3𝜑𝑦
𝜕𝑦2𝜕𝑥

)

− 2𝑠1𝐻16(
𝜕3𝜑𝑥
𝜕𝑥2𝜕𝑦

+
𝜕4𝑤0
𝜕𝑥3𝜕𝑦

−
1

𝑅1

𝜕3𝑢0
𝜕𝑦𝜕𝑥2

)

− 2𝑠1𝐻26(
𝜕3𝜑𝑦
𝜕𝑦2𝜕𝑥

+
𝜕4𝑤0
𝜕𝑥𝜕𝑦3

−
1

𝑅2

𝜕3𝑣0
𝜕𝑥𝜕𝑦2

)

− 2𝑠1𝐻66(
𝜕3𝜑𝑦
𝜕𝑦𝜕𝑥2

+
𝜕3𝜑𝑥
𝜕𝑥𝜕𝑦2

+2
𝜕4𝑤0
𝜕𝑦2𝜕𝑥2

−
1

𝑅2

𝜕3𝑣0
𝜕𝑥𝜕𝑦2

−
1

𝑅1

𝜕3𝑢0
𝜕𝑥𝜕𝑦2

)] 

 



𝜕

𝜕𝑥
(
𝜕𝑤0
𝜕𝑥

{𝐴11(
𝜕𝑢0
𝜕𝑥

+
𝑤

𝑅2
+
1

2
(
𝜕𝑤0
𝜕𝑥

)2)+ 𝐴12(
𝜕𝑣0
𝜕𝑦

+
𝑤

𝑅2
+ (

1

2

𝜕𝑤0
𝜕𝑦

)2)

+ 𝐴16 (
𝜕𝑣0
𝜕𝑥

+
𝜕𝑢0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕𝑤0
𝜕𝑦

) + 𝐵11 (
𝜕𝜑𝑥
𝜕𝑥

) + 𝐵12 (
𝜕𝜑𝑦
𝜕𝑦

)

+ 𝐵16(
𝜕𝜑𝑦
𝜕𝑥

+
𝜕𝜑𝑥
𝜕𝑦

)− 𝑠1𝐸16 (
𝜕𝜑𝑥
𝜕𝑥

+
𝜕2𝑤0
𝜕𝑥2

−
1

𝑅1

𝜕𝑢0
𝜕𝑥

)

− 𝑠1𝐸26 (
𝜕𝜑𝑦
𝜕𝑦

+
𝜕2𝑤0
𝜕𝑦2

−
1

𝑅2

𝜕𝑣0
𝜕𝑦

)

− 𝑠1𝐸66 (
𝜕𝜑𝑦
𝜕𝑥

+
𝜕𝜑𝑥
𝜕𝑦

+ 2
𝜕2𝑤0
𝜕𝑥𝜕𝑦

−
1

𝑅2

𝜕𝑢0
𝜕𝑦

−
1

𝑅2

𝜕𝑢0
𝜕𝑦

)} 

+
𝜕

𝜕𝑦
(
𝜕𝑤0
𝜕𝑥

{𝐴16(
𝜕𝑢0
𝜕𝑥

+
𝑤

𝑅1
+
1

2
(
𝜕𝑤0
𝜕𝑥

)2)+ 𝐴26(
𝜕𝑣0
𝜕𝑦

+
𝑤

𝑅2
+
1

2
(
𝜕𝑤0
𝜕𝑦

)2)

+ 𝐴66 (
𝜕𝑣0
𝜕𝑥

+
𝜕𝑢0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕𝑤0
𝜕𝑦

) +𝐵16 (
𝜕𝜑𝑥
𝜕𝑥

) +𝐵26 (
𝜕𝜑𝑦
𝜕𝑦

)

+ 𝐵66 (
𝜕𝜑𝑦
𝜕𝑥

+
𝜕𝜑𝑥
𝜕𝑦

) − 𝑠1𝐸16 (
𝜕𝜑𝑥
𝜕𝑥

+
𝜕2𝑤0
𝜕𝑥2

−
1

𝑅1

𝜕𝑢0
𝜕𝑥

)

− 𝑠1𝐸26 (
𝜕𝜑𝑦
𝜕𝑦

+
𝜕2𝑤0
𝜕𝑦2

−
1

𝑅2

𝜕𝑣0
𝜕𝑦

) − 𝑠1𝐸66 (
𝜕𝜑𝑦
𝜕𝑥

+ 2
𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝜑𝑥
𝜕𝑦

)} 

 

𝜕

𝜕𝑥
(
𝜕𝑤0
𝜕𝑦

{𝐴12(
𝜕𝑢0
𝜕𝑥

+
𝑤

𝑅1
+
1

2
(
𝜕𝑤0
𝜕𝑥

)2)+ 𝐴22(
𝜕𝑣0
𝜕𝑦

+
𝑤

𝑅2
+
1

2
(
𝜕𝑤0
𝜕𝑦

)2)

+ 𝐴26 (
𝜕𝑣0
𝜕𝑥

+
𝜕𝑢0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕𝑤0
𝜕𝑦

) + 𝐵12 (
𝜕𝜑𝑥
𝜕𝑥

) + 𝐵22 (
𝜕𝜑𝑦
𝜕𝑦

)

+𝐵26 (
𝜕𝜑𝑦
𝜕𝑥

+
𝜕𝜑𝑥
𝜕𝑦

)− 𝑠1𝐸12 (
𝜕𝜑𝑥
𝜕𝑥

+
𝜕2𝑤0
𝜕𝑥2

−
1

𝑅1

𝜕𝑢0
𝜕𝑥

)

− 𝑠1𝐸22 (
𝜕𝜑𝑦
𝜕𝑦

+
𝜕2𝑤0
𝜕𝑦2

−
1

𝑅2

𝜕𝑣0
𝜕𝑦

)

− 𝑠1𝐸16 (
𝜕𝜑𝑦
𝜕𝑥

+
𝜕𝜑𝑥
𝜕𝑦

+ 2
𝜕2𝑤0
𝜕𝑥𝜕𝑦

−
1

𝑅2

𝜕𝑢0
𝜕𝑦

−
1

𝑅2

𝜕𝑢0
𝜕𝑦

)

−
1

𝑅2
{𝐴12 (

𝜕𝑢0
𝜕𝑥

+
𝑤

𝑅1
+
1

2
(
𝜕𝑤0
𝜕𝑥

)2) + 𝐴22 (
𝜕𝑣0
𝜕𝑦

+
𝑤

𝑅2
+
1

2
(
𝜕𝑤0
𝜕𝑦

)2) 

 



+𝐴26 (
𝜕𝑣0
𝜕𝑦

+
𝜕𝑢0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕𝑤0
𝜕𝑦

) + 𝐵12 (
𝜕𝜑𝑥
𝜕𝑥

) + 𝐵22 (
𝜕𝜑𝑦
𝜕𝑦

)+ 𝐵26 (
𝜕𝜑𝑦
𝜕𝑥

+
𝜕𝜑𝑥
𝜕𝑦

)

− 𝑠1𝐸12 (
𝜕𝜑𝑥
𝜕𝑥

+
𝜕2𝑤0
𝜕𝑥2

−
1

𝑅1

𝜕𝑢0
𝜕𝑥

)− 𝑠1𝐸22 (
𝜕𝜑𝑦
𝜕𝑦

+
𝜕2𝑤0
𝜕𝑦2

−
1

𝑅2

𝜕𝑣0
𝜕𝑦

)

− 𝑠1𝐸26 (
𝜕𝜑𝑦
𝜕𝑥

+
𝜕𝜑𝑥
𝜕𝑦

+ 2
𝜕2𝑤0
𝜕𝑥𝜕𝑦

−
1

𝑅2

𝜕𝑢0
𝜕𝑦

−
1

𝑅2

𝜕𝑢0
𝜕𝑦

)}+ 𝑁0
𝑥 (
𝜕2𝑤0
𝜕𝑥2

)

+ 𝐸31
𝜕2𝜙

𝜕𝑥2
+𝑄31

𝜕2𝜓

𝜕𝑥2
+𝐸32

𝜕2𝜙

𝜕𝑦2
+𝑄32

𝜕2𝜓

𝜕𝑥2

= 𝐼0 (
𝜕2𝑤0
𝜕𝑡2

) + 𝑠1
2𝐼6

𝜕2

𝜕𝑡2
(
𝜕2𝑤0
𝜕𝑥2

+
𝜕2𝑤0
𝜕𝑦2

) + 𝑠1[𝐼3
𝜕2

𝜕𝑡2
(
𝜕𝑢0
𝜕𝑥

+
𝜕𝑣0
𝜕𝑦

)]

− 𝐽
4

𝜕2

𝜕𝑡2
(
𝜕𝜑𝑦
𝜕𝑥

+
𝜕𝜑𝑥
𝜕𝑦

) 

 

�̂�11 (
𝜕2𝑢0
𝜕𝑥2

+
1

𝑅1

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

) + �̂�12(
𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
1

𝑅2

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)

+ �̂�16 (
𝜕2𝑣0
𝜕𝑥2

+
𝜕2𝑢0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

)+ �̂�11(
𝜕2𝜑𝑥
𝜕𝑥2

)

+ �̂�12(
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

)+ �̂�16 (
𝜕2𝜑𝑥
𝜕𝑥2

+
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

)

− 𝑠1�̂�26 (
𝜕2𝜑𝑦
𝜕𝑦2

+
𝜕3𝑤0
𝜕𝑦3

−
1

𝑅2

𝜕2𝑢0
𝜕𝑦2

)

− 𝑠1�̂�16 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕3𝑤0
𝜕𝑦𝜕𝑥2

−
1

𝑅1

𝜕2𝑣0
𝜕𝑥𝜕𝑦

)

− 𝑠1�̂�66 (
𝜕2𝜑𝑥
𝜕𝑦2

+
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+ 2
𝜕3𝑤0
𝜕𝑦2𝜕𝑥

−
1

𝑅1

𝜕2𝑢0
𝜕𝑦2

−
1

𝑅2

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)

+ �̂�66 (
𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
𝜕2𝑢0
𝜕𝑦2

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑦2

)

+ �̂�26 (
𝜕2𝑣0
𝜕𝑦2

+
1

𝑅2

𝜕𝑤0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑦2

) 

(69d) 



+�̂�16
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+ �̂�26
𝜕2𝜑𝑦
𝜕𝑦2

+ �̂�66(
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕2𝜑𝑦
𝜕𝑦2

) − 𝑠1�̂�16 (
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

+
𝜕3𝑤0
𝜕𝑦𝜕𝑥2

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)

− 𝑠1�̂�26 (
𝜕2𝜑𝑦
𝜕𝑦2

+
𝜕3𝑤0
𝜕𝑥3

−
1

𝑅2

𝜕2𝑣0
𝜕𝑦2

)

− 𝑠1�̂�66 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕2𝜑𝑥
𝜕𝑥2

+ 2
𝜕3𝑤0
𝜕𝑦2𝜕𝑥

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥𝜕𝑦

−
1

𝑅1

𝜕2𝑢0
𝜕𝑦2

)

− �̂�45 (𝜑𝑦 +
𝜕𝑤0
𝜕𝑦

−
𝑣0
𝑅2
) − �̂�55 (𝜑𝑥 +

𝜕𝑤0
𝜕𝑥

−
𝑢0
𝑅1
) + 𝐸31

𝜕2𝜙

𝜕𝑥2
+𝑄31

𝜕2𝜓

𝜕𝑥2

= 𝐽
1

𝜕2𝑢0
𝜕𝑡2

+ 𝐾2
𝜕2𝜑𝑥
𝜕𝑡2

− 𝑠1𝐽4
𝜕2

𝜕𝑡2
(
𝜕𝑤0
𝜕𝑥

) 

 

�̂�16(
𝜕2𝑢0
𝜕𝑥2

+
1

𝑅1

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

) + �̂�26 (
𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
1

𝑅2

𝜕𝑤0
𝜕𝑥

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)

+ �̂�66 (
𝜕2𝑣0
𝜕𝑥2

+
𝜕2𝑢0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥2

)+ �̂�16(
𝜕2𝜑𝑥
𝜕𝑥2

)

+ �̂�26 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

)+ �̂�66(
𝜕2𝜑𝑥
𝜕𝑥2

+
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

)

− 𝑠1�̂�16 (
𝜕2𝜑𝑦
𝜕𝑥2

+
𝜕3𝑤0
𝜕𝑥3

−
1

𝑅2

𝜕2𝑢0
𝜕𝑥2

)

− 𝑠1�̂�26 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕3𝑤0
𝜕𝑥𝜕𝑦2

−
1

𝑅1

𝜕2𝑣0
𝜕𝑥𝜕𝑦

)

− 𝑠1�̂�66 (
𝜕2𝜑𝑥
𝜕𝑥2

+
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+ 2
𝜕3𝑤0
𝜕𝑦2𝜕𝑥

−
1

𝑅2

𝜕2𝑢0
𝜕𝑥2

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)

+ �̂�22 (
𝜕2𝑢0
𝜕𝑥𝜕𝑦

+
1

𝑅1

𝜕𝑤0
𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑥𝜕𝑦

)

+ �̂�26 (
𝜕2𝑣0
𝜕𝑥𝜕𝑦

+
𝜕2𝑢0
𝜕𝑦2

+
𝜕𝑤0
𝜕𝑦

𝜕2𝑤0
𝜕𝑥𝜕𝑦

+
𝜕𝑤0
𝜕𝑥

𝜕2𝑤0
𝜕𝑦2

) 

(69e) 

+�̂�12
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+ �̂�22
𝜕2𝜑𝑦
𝜕𝑦2

+ �̂�26(
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕2𝜑𝑦
𝜕𝑦2

) − 𝑠1�̂�12 (
𝜕2𝜑𝑥
𝜕𝑥𝜕𝑦

+
𝜕3𝑤0
𝜕𝑦𝜕𝑥2

−
1

𝑅1

𝜕2𝑢0
𝜕𝑥𝜕𝑦

)

− 𝑠1�̂�22 (
𝜕2𝜑𝑦
𝜕𝑦2

+
𝜕3𝑤0
𝜕𝑥3

−
1

𝑅2

𝜕2𝑣0
𝜕𝑦2

)

− 𝑠1�̂�26 (
𝜕2𝜑𝑦
𝜕𝑥𝜕𝑦

+
𝜕2𝜑𝑥
𝜕𝑦2

+ 2
𝜕3𝑤0
𝜕𝑦2𝜕𝑥

−
1

𝑅2

𝜕2𝑣0
𝜕𝑥𝜕𝑦

−
1

𝑅1

𝜕2𝑢0
𝜕𝑦2

)

− �̂�44 (𝜑𝑦 +
𝜕𝑤0
𝜕𝑦

−
𝑣0
𝑅2
) − �̂�45 (𝜑𝑥 +

𝜕𝑤0
𝜕𝑥

−
𝑢0
𝑅1
) + 𝐸32

𝜕2𝜙

𝜕𝑦2
+𝑄32

𝜕2𝜓

𝜕𝑥2

= 𝐽
1

𝜕2𝑣0
𝜕𝑡2

+ 𝐾2
𝜕2𝜑𝑦
𝜕𝑡2

− 𝑠1𝐽4
𝜕2

𝜕𝑡2
(
𝜕𝑤0
𝜕𝑦

) 

 



𝐴31(
𝜕𝑢0
𝜕𝑥

+
𝜕𝑣0
𝜕𝑦
) − 𝐸31

𝜕2𝑤0
𝜕𝑥2 

+ 𝐹33
𝜕2𝑤0
𝜕𝑥2 

+ 𝐹31(
𝜕2𝜙

𝜕𝑥2
+
𝜕2𝜙

𝜕𝑦2
) − 𝐺31𝜙 −𝑄31𝜓 = 0 

(54) 

𝐴32(
𝜕𝑢0
𝜕𝑥

+
𝜕𝑣0
𝜕𝑦
) − 𝐸32

𝜕2𝑤0
𝜕𝑦2 

+ 𝐹33
𝜕2𝑤0
𝜕𝑥2 

+ 𝑅11(
𝜕2𝜙

𝜕𝑥2
+
𝜕2𝜙

𝜕𝑦2
) − 𝐺31𝜙−𝑅31𝜓 = 0 

 

 

Where the cross-sectional rigidities can be expressed as follows: 

 And: 

 

 

 

 

 

 

 

 

 

 

(𝐴𝑖𝑗, 𝐵𝑖𝑗, 𝐷𝑖𝑗, 𝐸𝑖𝑗, 𝐹𝑖𝑗) = ∫ 𝑄
𝑖𝑗

𝑛
(1,𝑧, 𝑧2, 𝑧3, 𝑧4, 𝑧6)𝑑𝑧,        (𝑖, 𝑗 = 1,2,6)

ℎ𝑘+1

ℎ𝑘

 (38) 

𝐴𝑖𝑗 = 𝐴𝑖𝑗 − 3𝑠1𝐷𝑖𝑗  ,𝐷𝑖𝑗 = 𝐴𝑖𝑗 − 3𝑠1𝐹𝑖𝑗  , �̂�𝑖𝑗 = 𝐴𝑖𝑗 − 3𝑠1𝐷𝑖𝑗(𝑖, 𝑗 = 4,5) (39a) 

�̂�𝑖𝑗 = 𝐵𝑖𝑗 − 𝑠1𝐸𝑖𝑗 , �̂�𝑖𝑗 = 𝐹𝑖𝑗 − 𝑠1𝐻𝑖𝑗, �̂�𝑖𝑗 = 𝐷𝑖𝑗 − 𝑠1𝐹𝑖𝑗 (39b) 


