Supplementary Material to

Two-Way Partial AUC and Its Properties
Hanfang Yang® Kun Lu! Xiang Lyu! Feifang Hu®

The supplementary material is organized as follows:

In Section S.1, we provide key lemmas to the proof of main results.

In Section S.2, we prove Theorem 4.1.

In Section S.3, we prove Theorem 4.2.

In Section S.4, we prove Theorem 4.3.

In Section S.5, we prove Theorem 4.4.

In Section S.6, we provide additional simulation results.

S.1 Key Lemmas

Lemma S.1.1. Let m and n be sequences of integers such that -2— — X, 0 <A <1, as m,n — oo;
F(t), G(t) be continuous; F~1(1—qg) be the unique solution of F(—t) < 1—qo < F(t),0 < qo < 1.
Then,

(1—qo)

vm+n {Fn(t) — F(t)}dG(t) = 0p(1), m,n — oo. (S.1)

F~1(1—qo)
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Proof. We can easily see that,

Fin' (1=40) Frn' (1-q0)
vm+n {Fn(t) — F(t)}dG(t)| < / vm + nsup |F,(t) — F(t)|dG(t)
F~1(1—qp) F=1(1—qo0) t
Fon' (1=40)
= sup vVm + n|Fy,(t) — F(t)| / dG(t)| (S.2)
¢ F1(1=qo)
Firstly,
m-+n
supvm + n|Fy,(t) — F(t)] = — sup vm|Fy,(t) — F(t)].
t t
Because
sup Vm|Fp(t) — F(t)] = 0y(1),
and
m+n \/T
\/ — /=, myn— 0.
m A
Therefore
sup vm + n|Fy,(t) — F(t)] = Oy(1), m,n — oo. (S.3)
t
Then we consider term ‘ J 52211((11:(1%0)) dG(t)].
Fr' (1-q0) ) .
[ o) =G - ) - GLE - )
F~1(1-qo0)
=G{F (1 —qo)} = Gu{F (1 —qo)} + O(n™")
=o(1), m — oc. (S.4)
Then apply (S.2) and (S.3) to (S.4), we have
Fin'(1-q0)
vm + n/ {Fn(t) — F(t)}dG(t) = 0p(1), m,n — oo.
Fﬁl(l—qo)
O

Lemma S.1.2. Let F(t) and G(t) be distribution functions with sample distribution functions Fy,(t)
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and Gp(t), respectively; t € R. Let F(t) be continuous. Let F~1(1 — qo) be the unique solution of
F(t) <1—qo < F(t), 0 <1—gqy < 1. Define fu(t) = Fon{F'(1 = qo)}{t < F;'(1 - qo)}, and
f() = F{F71(1 — qO)}I{t < F71(1 — qO)}. Then,

vm + (P fm — Pfm — Pofo + Pfo) =0p(1), m,n — oo.
Equivalently,

vm +n(Pyfm — Pfo) = vVm +n(P,fo— Pfo) + vm +n(Pf, — Pfy) +0p(1), m,n — oco. (S.5)

Proof. Let us consider the term I first. Since Gy, (z) = P,((—o0,z]). In this case, the empirical
process is indexed by a class C = {(—o0,z] : * € R}, with only one element in this class. It has
been shown that C is a Donsker class, because v/m + n{G,(z) — G(x)} converges weakly in L>(R)
to a Brownian bridge B{G(z)}. Thus, it is not difficult to conclude that D = {F{F~1(1—qo)}I(t <
r) : x € R} is also a Donsker class. Thus for f,(t) = F,{F, (1 —q)}{t < F,;*(1 — q)}, and
fo=F{F1(1—q)}{t < F71(1 - q)}, then they are in class D.

Otherwise,

anbl(l —qo) — F_l(l —qo) wpl, m — oo.

Then
/[I{t <F,'(1—q)}—I{t <F'(1—q)}dP 50, m — oo.

Also note that sup, |H,,(t) — H(t)| 2 0, m — co. Thus,
/[fm(t) — f@®)PdP 50, m— oo.

where H(t) is any distribution function.

Therefore by lemma 2.3 in (15), we can easily get

vm + (P fom — Pfm — Pofo + Pfo) = 0p(1), m,n — oo.
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Equally,

v+ n(Ppfm — Pfo) = Vm+n(Pafo — Pfo) + Vm +n(Pfn — Pfo) +05(1), m,n— oo.

O]

m
m+n

F(t), G(t) be continuous; F~1(1 —qo) be the unique solution of F(—t) <1—qo < F(t), 0 < qo < 1.

Lemma S.1.3. Let m and n be sequences of integers such that =N 0< A<, asm,n — oo;

Then,
Frn'(1-q0) 1
vm + n/ ) [Fon{F,, (1 —qo)} — (1 —qo)]dG(t) = 0p(1),m,n — oo. (S.6)
F=1(1-qo
Proof. The proof methods are just exactly the same as Lemma S.1.1. O

Lemma S.1.4. Let G(t) be differentiable; and G(t) be twice differentiable at F~1(1 — qo) and
G{F~'(1—qo)} > 0. Then,

F' (1=qo) F=t(1=qo)
N { / P)dG(t) — / F(t)dG(t)}
_ [1— g0 — Fn{F'(1 - q0)}] (e
=vVm+n F (1= q0)] (1—qo)G{F (1 —q)} +0,(1), m— oo. (S.7)
Proof. By Taylor Expansion, we have
JmEn { / ) o da) / ) F(t)dG(t)}

— Vi n{Ey (1= q0) = F~' (1= qo)YF{F ™ (1 = qo)}G {F (1 = qo)} + 0p(1), m — .

Then by Theorem 2.13 in (15), we have

1—qo— Fu{F'(1 - q)}

VmE (1 —qo) = F7' (1= qo)] = vVm FIF1(1—q)}

+o0p(1), n— oco.
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Thus

Fr'(1=q0) F~1(1—qo)

Vvm—+n { / F(t)dG(t) — /

—00 —00

F(t)dG(t)}

_ L= — Fu{F~1(1 — q0)} e
—Vm+n %’{F—l(l—qo)} L1 - q)GH{F (1= q0)} +0p(1), m — 0.

O]

Lemma S.1.5. Let G(t) be differentiable; and G(t) be twice differentiable at F~1(1 — qo) and
G{F~'(1-qo)} > 0. Then,

P (1=q0) F~1(1-qo)
vm+n / (1 —qo)dG(t) — / (1 — qo)dG(t)
L [1—go— Fl F'(1—q0)}] vy o1y
=1 —qo)vm+n F 10— 0] G{F (1 —qo)} +op(1). (S.8)
Proof. The proof methods are just exactly the same as Lemma S.1.4. O

S.2 Proof of Theorem 4.1

Proof of this part follows similar steps in (15). The main idea is continuing splitting term /m + n(U—
U) until it is divided into two parts that only depend on m or n respectively. Here we only pro-
vide some major procedures, detailed deduction process can be referred to in the complementary

material.
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At first, we need to show:

LSS, < XX < S () Y, > S5 )

i=1 j=1
1~ 1« _ - -
=3I < XX < Sph (@)Y = S5k (o) Y, < S (a0}
j=1 i=1
1 gn [Shm(@) » B
= Z/ dFm(t)I1{Sg,,(po) < Y; < Sg.(q0)}
j=17Y;
1< ~ - -
= D Fn{Sem(a0)} = Fu(Y){S5,(po) <Yj < Sp1,(q0)}
j=1
_ _ _ 1 _ _
=Fn{ S (00)H{SG,(p0) <Y < Sp(@0)} = — > Fn(Y)I{Sg 5 (po) < Y5 < Spp(00)}
j=1

Frnt(1—qo) Fr'(1—qo)
— / Fp{F (1 — q0)}dGo(t) — / Fon(£)dGn (1)
Gnl(1—po) G (1-po)

=U(po, q0)- (89)

On the other hand, we have:

U= /po L Sp{SG (w)}du — [po — Sc{SE" (40) Hao
Sc{Sr (q0)}
Sg'(po)
= [ Sr0dSa) ~ I~ Se (S5 @)
Sy (q0)
~a0lSalS7 @)} ]~ [ sr(b)dsal
Sq (Po)
Fﬁl(lfqo)
—gol1 — G{F (1 - q0)} — po] + / {1~ F()}dG(t)
G_l(].—po)
F~(1—qo)
—(1— a)[GLF (1~ a0)} — (1 — po)] — / F(t)dG(t). (5.10)
G~ (1—po)

It is obviously that both U and U can be composed of two parts. Thus it is natural to write the

difference of U and U into two parts:
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Vm +n(U —U)
Frn'(1=qo0)
=vVm-+n {/ Fo{F (1= q0)}YdGn(t) — (1 — qo)[G{F ' (1 — q0)} — (1 —po)]}

Gnt(1—po)

Fr' (1—qo) F~1(1—qo)
—vVm+n {/ Fon(t)dGy(t) — / F(t)dG(t)}

Gnl(1—po) G~1(1—po)

Fl(1—qo0) . F~1(1—qo)

—Vm T / Fod 7 (1~ q0)}dGin(t) — (1 - q0)dG(t)
Gnt(1—po) G~=1(1—po)
I
Pt (1=q0) P (1=q0)
_VmTn / Fo(0)dG(t) — / PG . (S.11)

Gn'(1-po) G~1(1—po)

11

Firstly for term IT in (S.11), we have

Fr'(1-qo0) F~1(1-qo)
/ Fnl0)4Gn(0) -~ | F(t)dG 1)
Gy (1-po) G=1(1—po)

Frn'(1-q0) F~1(1—qo0)
- / Fon(£)dG (t) — / F(t)dG(t)

—00 —0o0

'

I,

Gn'(1—po) G~1(1—po)
_ { / P (£)dGo (1) — / F(t)dG(t)} . (S.12)

—0o0 —0o0

11,

=

For term I; in (S.12), according to equation (3.15) in (15),

Gnt(1—po) G~ (1—po)
N { / Fon(£)dGo(t) — / F(t)dG(t)}
G~ (1-po) G~ (1=po)
—mEn /_ F)d[Gn(t) — G)] + vm + 1 /_ (B (t) — PO]AG()

+vm+n[l —py— Gu{G (1 - po) HF{G (1 — po)} + 0,(1), m,n — 0. (S.13)
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For term II;, by Theorem 3.7 in (15), we get

Fr'(1-qo0) F~1(1—qo0)
vm+n { /_ Fp(£)dGy (t) — /_ F(t)dG(t)}

F~1(1—qp) F~1(1—qo)
—JmEn { / F()dGa(t) — / F(t)dG(t)}
Fr' (1=qo0) F~1(1—qo)
+VmTn { / Fon(H)dG(t) — / F(t)dG(t)} +o,(1).
I
Continuing expanding the term I3 in (S.14), then we get
JmEn { / ) L e - / ro F(t)dG(t)}
!t (1—qo)
—VmEn / (F () — F(1)}G(D)
Fr'(1-qo0) F~1(1—qo)
+Vm TR { / F()dG(1) — / F(t)dG(t)}
Frn'(1-qo0) ~1(1—qo)
—Vm T ”/Fl(l_ (B0~ P} n/ {Fu(t) — F()}dG(2)
I3
Frn'(1=q0) F~1(1—qo0)
+VmFn { / F)dG(t) — / F(t)dG(t)} .
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Combining (S.12)-(S.15), and Lemma S.1.1, we have

Frn'(1—qo0) F~1(1—qo)
[ T Rawicun - [ PG
Grl( G=H(

1—po) 1-po)
~1(1—po)

F(H)d[Gn(t) — G(1)] + vV T n / [Fn(t) — F(£)]dG(2)

L(1-po)

—Vm¥n /

+vVm+n[l —po— G {G (1 = po)HF{G(1 - po)}
F~1(1—qo) F~(1-qo)

+VmEn { / F(t)dGo(t) — / F(t)dG(t)}

—00

TR / Bty - P o)

Frn'(1-qo0) F~1(1—qo)
v Vmin / F(t)dG(t) — / FOAG(t) s + 0,(1). (S.16)
As for term I of (S.11), we have
Fr'(1-qo0) F~1(1—qo)
/ Fn{ B (L= )G (1) ~ | (1 - go)dG(1)
Gt (1—po) G=1(1-po)
Fr'(1-qo0) F~1(1—qo)
:/ En {1 (1= o) HdGy(t / (1 —qo0)dG(2)
Gnt(1—po) ) G~ (1—po)
-/ Fn{ P (1= a0) G (1) — | (1—@dGH)|.  (817)
1L,
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Then we apply Lemma S.1.2 to term I4 of (S.17), we have

Fmt(1—qo0) F~1(1—qo)
v | [ Fn{F (L= )G (1) ~ | (1 - g0)dG (1)

—0o0

F~1(1—qo) F~1(1—qo)
—vm+n {/_ (1 — qo)dGn(t) — /_ (1- qo)dG(t)}

+vVm+n

Frt(1—qo) F~1(1—qo)
/ Fn{F (1 — qo)}dG(t) — / (1 - q0)dG(1)| + 0,(1)

—0o0

~1(1—qo)

—Jmin / (1— qo)d{Cu(t) — G(8)}

—1

Fr' (1—qo) F~1(1—qo)
/_ Fod i (1~ q0) G () — / (1 - q0)dG(t)

Is

rVmTn +op(1).  (S.18)

Similarly, for term I5 of (S.18), we have

Frnt(1—qo) F~1(1—qo)
JmFn /_ Fou{FM(1 - q0)}dG(t) — /_ (1 - qo)dG(1)
Fr'(1—qo)
—JmTn / P i (1= q0)} — (1 — qo)JdG(t)

Frl(1—qo) F~1(1—qo)
+\/m{ /_ (1~ q0)dG(t) - /_ <1—qo>dG<t>}

Fr'(1—qo0)

_JmTn / [Fu{ F (1= q0)} — (1 — qo)]dG(t)
F~1(1—qo)
Is
L(1—qo)
I m/ [Fr{Fn' (1= q0)} — (1 — q0)]dG(2)
Frl(1—qo) F~(1—qo)
+Vmtn {/ (1 - g0)dG(t) — / (1- qo)dG(t)} : (5.19)
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combining equations (S.18), (S.2) and Lemma S.1.3, we get

Frn (1—qo0) F~1(1—qo)
/ Fu{Ft (0 - a)}Gn(0) — [ (1 - a0)dG(1)

—0o0 —0o0

—vm +n/ () (1 — g0)d{Cn(t) — G(8)}

+ m/ o [Fn{Fr (1= q0)} = (1 — q0)ldG(2).

Fr' (1—q0) F~(1-qo)

T m{ / (1 - awic(o) - [

— 00 — 00

(1- qo)dG(t)} (5.20)

Then we apply the same process as (S.18), (S.2) and Lemma S.1.3 to term II4 of equation (S.17),

we obtain

Gn'(1-po) G~ (1—po)
/ Fu{Fot (- a)}aGa(0) — [ (1 - a0)dG (1)

—00 —00

G~ 1(1—po) ~1(1—po)
v [ i - v [ Rt - w)ic)
+vVmFn[(1-q)G{G, (1 = po)} —2(1 = qo)(1 — po)] - (S.21)

Therefore, with the result of (S.20) and (S.21), (S.17) becomes

Frt(1—qo) F~1(1—qo)
/ Fond P (1 — o) }dGo(t) — / (1 - q0)dGn()

Grt(1—po) G~1(1—po)

_ i / N e - awy

~1(1—qo)
b VmTn / P {F7 (1= q0)} — (1 — qo)]dG (1)
F’"L (1 q()) Fﬁl(l_qo)
N { / (1= ayicir) - [ (1- qo>dG<t>} (8.22)

L(1—pp) (1—po)
v [ o - e+ v [ a0 - wic)
+vm 40 [(1-q)G{G, (1 —po)} — 2(1 = go)(1 = po)]). (S.23)
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Thus, above all, (S.12) turns to

Vm+nU -U)
Fﬁl(lfqo)
—VmTn / (1 - qo)d{Gu(t) — G(1)}

~1(1—qo)

R / Fun{ Fry (1= q0)} — (1 — q0)]dG(1)
Frnl(1—qo) F~1(1—qo)
+Vm+n { /_ (1~ qo)dG(t) — /_ (1- qo>dG<t>}
b
~(1—po)
_(VmFn / (1= qo)d[Gu(t) — G(1)]

Fvm +”/ B (1= 000} — (1 — ao)ldGD)
+ (1= q0) Vim 7 [G{G (1 = po)} — (1 po)])

II,

L(1—po) 1(1—po)
+vm +n/ F()d[G,(t) — G(t)] + vVm +n/ [Fin(t) — F(£)]dG(t)

+vVmFn[l —py— G {G L1 — po)YJF{G™1(1 — po)}
F~1(1—qo) F~1(1—qo0)
_JmTn { / F(H)dG(t) / F(t)dG(t)}

— 00

~1(1—qo)

_Vm¥n / (Fn(t) — F(H)}G(?)

Fﬁl(lfqo)

_m{/i o F(t)dG(t)—/

—00

F(t)dG(t)} . (S.24)

111,

On the other hand, with similar proof procedures to get Lemma S.1.2, we can reach the same

conclusion,

vm +n(Pp frn— P fo) = vVm + n(Pp fo— P fo) +vVm + n(P fr,— P fo) +0p(1), m,n — co. (S.25)
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Then we apply (S.25) to term v/m + n[Fn{F, (1 —q0)} — (1 — q0)],

Vm+n[Fu{F, (1 -q0)} — (1 —q)]
—JmEn { / T e / e dF(t)}

F~1(1—qo) F~(1—¢o)
=vm-+n / dF,,(t) — / dF(t)

+vVm+n {/F_l(lqO) dFm(t) — /F_ e dF(t)} + 0p(1)

=vm +n[Fpn{F (1 - q)} — (1 — q)] + vVm +n[F{F;" (1 —q0)} — (1 — q0)] +0p(1). (S.26)
Equivalently, it means

vm + nFm{Frgl(l —qo)}
=vm+n(l—q)+vVm+n[Fa{F ' (1-q)}— (1 - q)]
+Vm+n[F{F,'(1-q)} — (1—q)]+op(1). (S.27)

Is

Moreover, we can apply the proof methods of Lemma S.1.4 and Lemma S.1.5 to term II7 of (S.24)

and term Ig of (S.27), we have

Vm+n[F{F, (1 —q)} — (1 - q)]
—JmTn { / e - / e dF(t)}

—0o0

—Vim Tl = go — EufF~ (1= qo)}] + 0,(1), (5.28)
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and

vm +n[G{G, (1 = po)} — (1 = po)]
_JmFn { / G e - / o dG(t)}

—0o0

—Vim Tl = po — Gaf G (1= po)}] + 0p(L). (5.29)

Therefore, with (S.24)-(S.29), (S.24) becomes

Vm +n(U - U)
G~ (1—po) G~1(1—po)
:/ F,(t)dG(t) — / F(t)dG(t)
F~1(1—qo) F=1(1—qo)

G~ 1(1—po)
+(1 = q0)Gn{F (1 = qo)} + / F(t)dGy(t) = Go{G™H(1 = po) JF{G (1 = po)}
Fﬁl(l—qo)
- / F()dG(t)
- G~1(1-po)
- GE -} + [ F(0)dG(t) — (1 - po) F{G\(1 - po)}
F~1(1—go)
_ / F()dG(0)] + 0p(1). (S.30)

Next, through integration by parts, we have

G~ (1=po)
/ F(1)dGn(t) — Go{G~1(1 — po) HF{G™(1 - o)}

_ / G har. (S.31)

G~1(1-po)
/_ F(t)dG() — (1 — po)F{G™(1 — po)}

_ / ¢ G(1)dF(b), (5.32)
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F_1 (17(]0)

(1 - 0)Gu{F1(1 - q0)} - / F(£)dGo(t)
F’l(l—qo)
- / Gult)dF (1),
and
F_l(l—qo)
(1 - q)G{F (1 - q0)} - / F(1)dG(1)
F_l(lfqo)
. / G(H)dF(t)

Then combining (S.30)-(S.34), we get

Vm +n(U —U)
Gil(lfpo) Gil(lfpo)
_ / P (H)dG(t) — / F)dG(?)
F=1(1—qo) F~1(1—qo)

1(1—po) 1(1—po)
+/G ! Gn(t)dF(t)—/G T AR + o)

F=1(1—qo) F~1(1—qo)

For now we can write (S.35) into v/m + n(Ty, — p1 + T, — p2) + 0p(1), where

G~1(1—po)
T, = / Fo(t)dG(2),
F_l(lfqo)

G_l(lfpo)
= / F(1)dG(1),

and

34
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Consider T, first, by rewriting, we have,

G~1(1—po)
T, = / Fon(t)dG(?)

F~1(1-qo0)
G—l(lfpo)
:/ —ZIX < H)dG(#)
F=1(1—qo)
Ha- Po)
Z/ I(X; < t)dG(t). (S.36)
1(1—qo)

Note that T}, is in fact a sum of i.i.d. random variable, thus

G~ (1=po)
B(T,) = { /F I(X < t)dG(t)}

~1(1—qo)
o) G’l(l—po)
:/ / I(X < t)dG(t
—oo |/ F71(1-qo)

[ e w se<e 1—po>}I<X<t>dG<>}d (x)

—00

= [Crra-wsise <1—po>}{ | rx < naren faci)
G’l(lfpo)
- / FO)dG(1)

F_l(l—qo)
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Denote a§ to be the variance of T,,, then

Gil(lfpo)
ﬁ:Wr/ I(X < t)dG(t)
F_l(lfqo)
F=1(1-q0) 2 )
=F / I(X <t)dG(t) y — |E / I(X < t)dG(t)
G—1(1-po) G~1(1-po)
oo F~(1-qo) 2 F~1(1—qo) 2
:/ / I(X <t)dG(t) p dF(X) — / F(t)dG(t)
—oo | JG=1(1—po) G~1(1—po)
—/ {/ HG\(1—p)<t<F
F~1(1—qo)
G=1(1-po)

-/ 7 / T X <G - g G (1~ po) <t < FN(1 — qo)}dG(0)+

—00

2

Vl—qw}ﬂﬁf<tﬁKKﬂ}2dFC¥)

s [P ) > X > G- )X <0< P - ) HG(PAF(X)
F~1(1—qo) 2
_ { / F(t)dG(t)}
Gil(l—po)
- [T X =6 - GE - )} - (-l
FIF (1 g0) > X > G Y1 - po) HGLE (1 — o)} — G} 2dF(X)
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Then by Lindeberg-Levy Central Limit Theorem, we have
V(T — 1) 5 N(0,03),  m,n — oo.
Let m, n be sequences of integers such that - — A, further note that

n m-4+n 1
— = —1—=4/=-—-1, m,n— oo.
m m A

Thus, by Slutsky’s Theorem, we have,

\/ﬁ(Tm—m)iN{o, (—1) ag}, m,n — oo. (S.38)

Then consider T,
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T, = / Go()AF (D)
F=1(1—qo0)

'(1-po) 1
— / =) I(Y; < t)dF(t)
F~1(1—qo0) nj71

Z/ () 1(Y; < )dF(t). (S.39)

~1(1—qo)

Since T, is also a sum of i.i.d. random variables, then

G~'(1-po)
B(T,) =E { / Iy < t)dF(t)}

F~1(1—qo)
o0 G-1<1—po>
L < aro oo
—o° F=1(1—qo)
:/_ [/_ H{F'(1—q) <t < G711 —po)H(Y <t)dF(t) | dG(Y)

:/w/muyg&mgﬂgﬂU—WMQSG*ﬂ—mmww

'(1=po)
_ / G(O)dF(2). (S.40)
F

~1(1—qo)
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Denote o3 to be the variance of Tj,, then
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Thus by Lindeberg-Levy Central Limit Theorem, we have
V(T = p2) 5 N(0,0%),  m,n — co.

Because T, and T,, are independent, and U—-U= T — p1 + 15, — o, thus

- 1
\/E(U—U)gN{O,<>\—1)U%+UZ}, m,n — oo.

Since

m-+n

1 1
Mm—l—n: =/ —,0<A<1,mn— oo.
n [_n 1—A

Then by Slutsky’s Theorem,

V oo 4o % %
m+n( — )—> {,)\‘1’1_)\}7 m,n—>00,
where
o3 =F{G™ (1 —po)HG{F ' (1 — q0)} — (1 — po)]*+
F~1(1-qo)
+ [ GLF'(1 - ao)} — G(H)PAF (1)
Gfl(l—po)
F=1(1—qp) 2
—{/ FWMG@},
Gfl(l—po)
and

o3 =[1—q0 — F{G~'(1 = po)}*(1 — po)

F~1(1—qp)
+/’ {1— g — F(1))2dG(1)
G~ 1(1—po)

F~(1-qo) 2
- { / G(t)dF(t)} .
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Then we finished the proof Theorem 4.1.

S.3 Proof of Theorem 4.2

Firstly, for all those ROC area indexes 6* we referred to in this paper, we know /n + m(é* —0)
converges to a normal random variable in distribution. Secondly, according to equation (6.7) in

Page 47 of (14), we have
2
o o
Ugoot_>73 + :

B — oo.
N T1ioan 0T

Therefore we can then prove Theorem 4.2 directly by using Slutsky’s Theorem.

S.4 Proof of Theorem 4.3

Our proof strategy is to apply Theorem 2 in (16), which establishes sufficient conditions for unique-
ness and consistency for solution to likelihood estimation. To achieve this, we need to prove the four

conditions in (16) are satisfied. We briefly introduce these conditions in our notation as follows,

(F1) 0S5m,0(B)/0B exists and is continuous in Ns(Bp).
(F2) 05, n(B)/08 —p E{0S; ;(B)/08} uniformly in Ns(By), as m,n — oo.
(F3) With probability tends to one, as m,n — 00, 0Sm.n(Bo)/03 is negative definite.

(F4) ESm,n(ﬁO) = 0.

We first prove Condition F3 is satisfied. From triangle inequality, we have, for any € > 0,

P{|0Sm.n(8)/08 — E{05,;(8)/0B}| > €}
<P{050.0(8)/08 - — 3" B{05:,(8)/081X:} > /2)
=1

+ {1 Y E(05,5(8)/081X} — E{05,5(8)/08Y > ¢/2) (S44)
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where E{05S; ;(3)/08|X;} is independent across ¢ € {1,...,m} and random in terms of X;. For

the first term in (S.44), we get
E‘asm,n( )/0B — — ZE{@S”
‘m Z Zasd )/0B — —ZE{@S”
L i Y
m :

Zas” )/08 — E{dS;;(B)

where the inequality is obtained from 0S; ;(3)/03 are i.i.d. across all j given i. Therefore, we have
P{|0Smn(B)/08 — — ZE{@S 15(8)/0B|X:}| > €/2} = 0, as m,n — oo, (S.45)

by weak law of large numbers and convergence in probability is weaker than convergence in mean.

With similar arguments, we obtain
P{|—ZE{85 1(8)/08X;} — E{9S;;(8)/08}| > €/2} — 0, as m,n — oo. (S.46)
Combine (S.45) and (S.46), we get
P{|0Sm.n(8)/08 — E{0S:;(8)/9B}| > ¢} — 0, (5.47)

as m,n — oo. Together with Assumption 4, the proof to Condition F3 is complete.

Next, we turn to Condition F2. There exists a union of finite balls with known radius that

cover Ns(Bp). Define balls as @y, for all k € {1,..., K} with center B) and radius less than r. The

41



finite cover of Ns(Bp) is U,If:l ®-. By triangle inequality, we have

sup
BENs(Bo)

OSmn(8)/08 — E{0S,, (ﬂ)/aﬁ}‘

9Smn(B)/0B — 0Smn(Br)/08

=max sup
k geoy

+E{0S;;(Br)/08} —E{0S; ;(8)/08}
1 0Sn(B1)/08 — E0S,, <ﬂk>/aﬁ}]

<max sup
k geo,

9S,mn(B)/08 - asm,nwk)/a,@\

E{05,.,(80)/08} — E{asi,jw)/aﬂ}\

+ max sup
kE Beoy

OSmn(Br)/08 — E{05:, (ﬂk)/aﬂ}’ (5.48)

4+ max
k

For the last term in (S.48), we have, for € > 0 and 7 > 0,

P{ max 05,,(81)/08 - B(05.; (ﬂk)/f?ﬁ}’ > 2}
K
<> P{[o8000)/08 - B105.,60/08)] > /2]
k;l
<ZT/K =T, (S.49)
k=1

where the second inequality is obtained from (S.47). For the first term in (S.48), by mean value

theorem, we have

max sup |0Smn(B)/08 — 0Smn(Bk)/08

k Beoy
B 9 0Smn(B%)
= max ;élgk(B Br) 95 0B
<rMj, (S.50)
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for certain 5* € ®p. The inequality is obtained from Assumption 3 that derivatives are uniformly

bounded by some constant M; = O(1). With similar arguments, we have

max sup
BEGK

0Smn(B)/08 — 0Sm.n(Br) /BB' < rMs. (S.51)

Make r sufficient small such that r(M; + M) < €/2, combine (S.50), (S.51), (S.49) and (S.48), we

have

P{ sup
BENs(Bo)

OSn(B)/08 — E{aSi,j(ﬂ)/aﬁ}‘ >ebern (5.52)
The proof of Condition F2 is complete.

Condition F1 is satisfied by Assumption 3 that every term in 95y, ,(3)/08 is at least second-
order differentiable. Since EV; ;(po,q0) = EUz, ;(po,qo), Condition F4 is satisfied. Theorem 2 in

(16) can be applied. The proof is complete. |

S.5 Proof of Theorem 4.4

Our proof strategy is first applying Taylor expansion to get expression 3—3g by S (B)—Smn(Bo),
then utilizing a sum to approximate Sy, n(3) — Sm.n(B0), finally prove the limiting distribution of

the sum by triangular array central limit theorem.

By Taylor expansion, we get

Sn(B) — Smn(B0) = (B — ) 1 P0)
Hence,
-1
B o= (ZB) 7 (5,(8) — Sl ).
Note that

E{Vi;(Po, q0)|Xi = i, Z?—} = ng(ﬂﬁi),
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where G,4(-) is the cumulative distribution function of ¥ conditioned on Z?. Thus,
E{Gz?’(XMZg} = UZ?’Z;?(p(h q0). (S.53)

Similarly, we have

E{Vij(po, 00)|Y; = yj, Z{} = Srzi(Yj),

and

E{S 0 (Y))| 25} = Uga 3 (po, a0), (S.54)

where Spza(+) is the survival function of X conditioned on Z¢. Then, we get the sum that approx-

imates Sy, n(3),

5(8) = % Zm: i Wi,j [(ng(Xi) ~ Uz 7 (o, QO)) + (Sp,zg(Yj) ~ Uga 7 (o, qo))} :

i=1 j=1

where
6Uzgyzg(po, o) (

B

Combine (S.53) and (S.54), we have

-1
Wi = Uzgl’zzl_’(pOa ) (1 — Uzg,z;z(pov qD))> -

Sman(B) —S(B) — 0,

in probability, as m,n — oo. Applying central limit theorem for triangular arrays, we have
S(B) — 5(Bo) — N(0, %),

in distribution, where



Together with (S.52), the proof is complete.

S.6 Additional Simulation

In this section, we present addition simulation results of Section 5 in the main paper.

Case 4: Bootstrap Consistency of the Difference Estimator. We study the coverage probability
of 95% confidence interval (4.2) to support the asymptotic normality in Theorem 4.2. Let bootstrap
repetition B be 1000. Samples size (m,n) are chosen as: (80,80), (150,150) and (200,200). FPR
(< po) and TPR (> qp) constraints (po, qo) are (0.7,0.5), (0.8,0.6), and (0.9,0.7). The diseased

subjects are generated from N (u1,¥) with

T 1 0.8
nr=(1,2) ,and ¥ =
08 1

The non-diseased are obtained from N(u2,X) with ps = (0,0)7. Simulation in each setting
repeats 1000 times. As shown in Table 6, coverage probabilities are around 95%, which supports
the asymptotic normality in Theorem 4.2.

Table 6: Coverage probability (CP) of 95% confidence interval (4.2) for the difference estimator

0(po, qo) of two-way (TW) pAUC.

Po qo | m n | TW pAUC CP
0.7 051 50 50 0.948
0.7 0.5 ] 100 100 0.952
0.7 0.5 ] 200 200 0.950
0.8 0.6 ] 50 50 0.952
0.8 0.6 | 100 100 0.950
0.8 0.6 | 200 200 0.950
09 0.7] 50 50 0.949
0.9 0.7 ] 100 100 0.948
0.9 0.7 ] 200 200 0.951

Note: The region of interest is determined by FPR < py and TPR > ¢y. Coverage probabilities being close
to 95% indicates that the asymptotic normality in Theorem 4.2 holds.

45



Table 7: Coverage probability (CP) of 95% confidence interval (4.1) for U (po, qo) with pg = 0.8, g9 =
0.2 in data set A, B, and C, respectively.

m n |CPA |CPB |CPC

30 30 | 0919 | 0.913 | 0.923
50 50 | 0.928 | 0.929 | 0.932
80 80 | 0.935 | 0.933 | 0.937
100 100 | 0.937 | 0.940 | 0.946
150 150 | 0.942 | 0.937 | 0.945
200 200 | 0.944 | 0.946 | 0.947
150 100 | 0.957 | 0.958 | 0.954
200 150 | 0.955 | 0.953 | 0.951

Note: The region of interest is determined by FPR < py and TPR > go. The region of interest is determined
by FPR < py and TPR > ¢qy. CP being closer to 95% suggests that the asymptotic normality of U(po, qo)
in Theorem 4.1 holds.

Case §: FEffect of Size on Asymptotic Normality of Estimators. We study the effect of the
restricted region’s size on the coverage probability of confidence interval (4.1). FPR (< py) and
TPR (> qo) constraints are (po,qo) = (0.8,0.2). The rest setup exactly follows Case 1 in Section 5.
Combining Table 1 and Table 7, it suggests that larger size of the restricted region ensures higher

coverage probability.
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