
Appendix 1 
A simplified model of a TWIP robot, which consists of a rod connected to an axle 

incorporating two wheels, is shown in Figure A1. The angular position of the rod is 
measured from the positive vertical Y-axis and for stabilizing the system, the robot needs 
to move in the direction of the fall in the XZ plane. The sufficient force for the robot's 
movement is provided by two DC motors driving the wheels, and the angular position of 
the rod can be controlled by the degree of actuation of the driving motors. Table A1 
provides the list of variables used to describe the system's dynamic motion equations.  
The pendulum's rod center of gravity coordinate, from Figure A1, is 

�𝑥𝑥𝑝𝑝𝑝𝑝, 𝑦𝑦𝑝𝑝𝑝𝑝� = �𝑥𝑥 + 𝑙𝑙𝑝𝑝 sin 𝜃𝜃 , 𝑟𝑟 + 𝑙𝑙𝑝𝑝 cos 𝜃𝜃�                                           (A1) 
where 𝑥𝑥 is the horizontal coordinate of the robot. Newton’s second law of motion can be 
written for the TWIP’s horizontal motion as 

𝐹𝐹𝑀𝑀 − 𝐵𝐵𝑣𝑣𝑥𝑥 − 𝐹𝐹𝑟𝑟𝑟𝑟 = 𝑀𝑀𝑏𝑏
𝑑𝑑𝑣𝑣𝑥𝑥
𝑑𝑑𝑑𝑑

                                                        (A2) 
where 𝐹𝐹𝑟𝑟𝑟𝑟 is the force applied by the pendulum’s rod to the base in the horizontal direction.  

The amount of this force is equal to 

𝐹𝐹𝑟𝑟𝑟𝑟 = 𝑀𝑀𝑝𝑝
𝑑𝑑2𝑥𝑥𝑝𝑝𝑝𝑝
𝑑𝑑𝑡𝑡2

= 𝑀𝑀𝑝𝑝
𝑑𝑑2

𝑑𝑑𝑡𝑡2
�𝑥𝑥 + 𝑙𝑙𝑝𝑝 sin 𝜃𝜃� = 𝑀𝑀𝑝𝑝 �

𝑑𝑑𝑣𝑣𝑥𝑥
𝑑𝑑𝑑𝑑

+ 𝑙𝑙𝑝𝑝 cos 𝜃𝜃
𝑑𝑑𝜔𝜔𝑝𝑝
𝑑𝑑𝑑𝑑

− 𝑙𝑙𝑝𝑝𝜔𝜔𝑝𝑝2 sin 𝜃𝜃�             (A3) 
Since  

𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

= 𝜔𝜔𝑝𝑝 = 𝑓𝑓1�𝜔𝜔𝑝𝑝�                                                                  (A4) 

The horizontal motion equation for the TWIP robot is derived as 
�𝑀𝑀𝑏𝑏 + 𝑀𝑀𝑝𝑝�

𝑑𝑑𝑣𝑣𝑥𝑥
𝑑𝑑𝑑𝑑

= 𝐹𝐹𝑀𝑀 − 𝐵𝐵𝑣𝑣𝑥𝑥 − 𝑀𝑀𝑝𝑝𝑙𝑙𝑝𝑝cos𝜃𝜃
𝑑𝑑𝜔𝜔𝑝𝑝
𝑑𝑑𝑑𝑑

+ 𝑀𝑀𝑝𝑝𝑙𝑙𝑝𝑝𝜔𝜔𝑝𝑝2sin𝜃𝜃                     (A5) 

The motion equation for the pendulum’s rod can be written based on Newton’s second 
law of rotational motion as 

Figure A1. A simplified model of a TWIP 
 



 𝐹𝐹𝑌𝑌𝑙𝑙𝑝𝑝 sin 𝜃𝜃 − 𝐹𝐹𝑟𝑟𝑟𝑟𝑙𝑙𝑝𝑝 sin �
𝜋𝜋
2
− 𝜃𝜃� = 𝐼𝐼𝑝𝑝

𝑑𝑑𝜔𝜔𝑝𝑝
𝑑𝑑𝑑𝑑

                                                       (A6) 

where the amount of 𝐹𝐹𝑌𝑌 is 

𝐹𝐹𝑌𝑌 = 𝑀𝑀𝑝𝑝𝑔𝑔 + 𝑀𝑀𝑝𝑝
𝑑𝑑2𝑦𝑦𝑝𝑝𝑝𝑝
𝑑𝑑𝑡𝑡2

= 𝑀𝑀𝑝𝑝 �𝑔𝑔 − 𝑙𝑙𝑝𝑝 sin 𝜃𝜃
𝑑𝑑𝜔𝜔𝑝𝑝
𝑑𝑑𝑑𝑑

− 𝑙𝑙𝑝𝑝𝜔𝜔𝑝𝑝2 cos 𝜃𝜃�                               (A7) 

Therefore, the vertical motion equation for the TWIP robot is derived as 

�𝐼𝐼𝑝𝑝 + 𝑀𝑀𝑝𝑝𝑙𝑙𝑝𝑝2�
𝑑𝑑𝜔𝜔𝑝𝑝
𝑑𝑑𝑑𝑑

= 𝑀𝑀𝑝𝑝𝑔𝑔𝑙𝑙𝑝𝑝 sin 𝜃𝜃 − 𝑀𝑀𝑝𝑝𝑙𝑙𝑝𝑝 cos 𝜃𝜃
𝑑𝑑𝑣𝑣𝑥𝑥
𝑑𝑑𝑑𝑑

                                      (A8) 

The torque value provided by an ideal DC motor is equal to 𝑁𝑁𝑘𝑘𝑡𝑡𝑖𝑖, and since two similar 
DC motors are driving the robot, the amount of applied force to the system is 

𝐹𝐹𝑀𝑀 = 2𝑁𝑁
𝑘𝑘𝑡𝑡𝑖𝑖
𝑟𝑟

                                                                                 (A9) 

For the sake of simplicity, the inertia of wheels ignored in the equation (A9). By combining 
equations (A5), (A8) and (A9), we get 

𝑑𝑑𝜔𝜔𝑝𝑝
𝑑𝑑𝑑𝑑

=
𝑀𝑀𝑝𝑝𝑙𝑙𝑝𝑝 �2𝑁𝑁 𝑘𝑘𝑡𝑡𝑖𝑖𝑟𝑟 cos𝜃𝜃 − 𝐵𝐵𝑣𝑣𝑥𝑥cos𝜃𝜃 + 𝑀𝑀𝑝𝑝𝑙𝑙𝑝𝑝𝜔𝜔𝑝𝑝2cos𝜃𝜃sin𝜃𝜃 − 𝑔𝑔�𝑀𝑀𝑏𝑏 + 𝑀𝑀𝑝𝑝� sin 𝜃𝜃�

𝑀𝑀𝑝𝑝
2𝑙𝑙𝑝𝑝2cos2𝜃𝜃 − �𝑀𝑀𝑏𝑏 + 𝑀𝑀𝑝𝑝��𝐼𝐼𝑝𝑝 + 𝑀𝑀𝑝𝑝𝑙𝑙𝑝𝑝2�

= 𝑓𝑓2�𝜃𝜃, 𝜔𝜔𝑝𝑝, 𝑣𝑣𝑥𝑥, 𝑖𝑖� (A10) 

and 

𝑑𝑑𝑣𝑣𝑥𝑥
𝑑𝑑𝑑𝑑

=
−�𝐼𝐼𝑝𝑝 + 𝑀𝑀𝑝𝑝𝑙𝑙𝑝𝑝2� �2𝑁𝑁 𝑘𝑘𝑡𝑡𝑖𝑖𝑟𝑟 − 𝐵𝐵𝑣𝑣𝑥𝑥 + 𝑀𝑀𝑝𝑝𝑙𝑙𝑝𝑝𝜔𝜔𝑝𝑝2sin𝜃𝜃� + 𝑀𝑀𝑝𝑝

2𝑙𝑙𝑝𝑝2𝑔𝑔cos𝜃𝜃 sin 𝜃𝜃

𝑀𝑀𝑝𝑝
2𝑙𝑙𝑝𝑝2cos2𝜃𝜃 − �𝑀𝑀𝑏𝑏 + 𝑀𝑀𝑝𝑝��𝐼𝐼𝑝𝑝 + 𝑀𝑀𝑝𝑝𝑙𝑙𝑝𝑝2�

= 𝑓𝑓3�𝜃𝜃, 𝜔𝜔𝑝𝑝, 𝑣𝑣𝑥𝑥, 𝑖𝑖�                (A11) 

Finally, the relation between the motor current and the input voltage is  
𝑑𝑑𝑑𝑑
𝑑𝑑𝑑𝑑

=
1
𝐿𝐿
�𝑉𝑉 − 𝑅𝑅𝑅𝑅 −

𝑘𝑘𝑣𝑣𝜔𝜔𝑀𝑀

𝑁𝑁
� =

1
𝐿𝐿
�𝑉𝑉 − 𝑅𝑅𝑅𝑅 − 𝑘𝑘𝑣𝑣

𝑟𝑟
𝑁𝑁
𝑣𝑣𝑥𝑥� = 𝑓𝑓4(𝑣𝑣𝑥𝑥, 𝑖𝑖, 𝑉𝑉)            (A12) 

The model of the TWIP given by equations (A4), (A10), (A11), and (A12) is nonlinear. 
For the purpose of designing a linear controller, the achieved model has to be linearized 
about its steady-state point, which is 𝑿𝑿𝟎𝟎 = �𝜃𝜃 𝜔𝜔𝑝𝑝 𝑣𝑣𝑥𝑥 𝑖𝑖 �

𝑇𝑇
=  [0 0 0 0]𝑇𝑇. For the state vector 

𝑿𝑿 = �𝜃𝜃 𝜔𝜔𝑝𝑝 𝑣𝑣𝑥𝑥 𝑖𝑖 �
𝑇𝑇
, the linearized model is achieved as 

𝑑𝑑
𝑑𝑑𝑑𝑑
�

𝜃𝜃
𝜔𝜔𝑝𝑝
𝑣𝑣𝑥𝑥 
𝑖𝑖

� =

⎝

⎜
⎜
⎜
⎜
⎜
⎜
⎛

𝜕𝜕𝑓𝑓1
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓1
𝜕𝜕𝜔𝜔𝑝𝑝

𝜕𝜕𝑓𝑓2
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓2
𝜕𝜕𝜔𝜔𝑝𝑝

𝜕𝜕𝑓𝑓1
𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝑓𝑓1
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓2
𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝑓𝑓2
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓3
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓3
𝜕𝜕𝜔𝜔𝑝𝑝

𝜕𝜕𝑓𝑓4
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓4
𝜕𝜕𝜔𝜔𝑝𝑝

𝜕𝜕𝑓𝑓3
𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝑓𝑓3
𝜕𝜕𝜕𝜕

𝜕𝜕𝑓𝑓4
𝜕𝜕𝑣𝑣𝑥𝑥

𝜕𝜕𝑓𝑓4
𝜕𝜕𝜕𝜕 ⎠

⎟
⎟
⎟
⎟
⎟
⎟
⎞

�

�

�

𝑿𝑿𝟎𝟎

�
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𝑣𝑣𝑥𝑥 
𝑖𝑖
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⎝
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⎜
⎜
⎜
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𝜕𝜕𝑓𝑓1
𝜕𝜕𝑉𝑉
𝜕𝜕𝑓𝑓2
𝜕𝜕𝑉𝑉
𝜕𝜕𝑓𝑓3
𝜕𝜕𝑉𝑉
𝜕𝜕𝑓𝑓4
𝜕𝜕𝑉𝑉⎠
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𝑉𝑉                         (A13) 

Despite the simple structure of this TWIP robot and ignoring many factors such as 
the joint and motor damping effects, still, laborious derivations require for linearizing the 
model. Nevertheless, calculating inertia and center of mass for more complex structures 
are demanding tasks. 
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